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Abstract

In this paper, we introduce a new specification for modeling peer effects due to social
interactions. We refer to this specification as the matrix exponential social (MES)
network model. The MES network model allows for the endogenous effect, the contex-
tual effects, heterogeneity across groups, the correlation in unobserved characteristics
of members, as well as an unknown form of heteroskedasticity. We propose consistent
estimation and inference methods for the MES network model. In an extensive simula-
tion study, we show that the proposed methods perform satisfactorily. In an empirical
application using the Add Health data, we illustrate how the MES network model
can be used in identifying peer effects on academic success, recreational activities and
smoking frequency of adolescents.
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1 Introduction

Peer effects refer to the influence on an individual’s behavior or decision resulting from the
individual’s interactions with his/her peers. There is a growing body of empirical literature
showing that peer effects exist in a wide range of settings, including education, crime, obesity,
smoking, sports, tax compliance and evasion, and program participation. Various social
interaction models proposed for estimating peer effects allow for a group member’s outcome
to depend on both the outcomes and characteristics of other group members. One main
difficulty for the empirical analysis based on these models is that it may not be possible to
distinguish the correlation of outcomes due to social interactions from the correlation due to
the unobserved group characteristics. Another major obstacle is to distinguish the impact of
peers’ outcomes from the impact of peers’ characteristics, which is known as the reflection
problem (Blume et al., [2015; Manski, 1993; Moffitt, 2001)).

Similarities of these models to spatial autoregressive models from spatial econometrics
have been recognized by several studies (Bramoullé et al., |2009, 2020; Lee, 2007; Lee et
al., [2010; Lin, 2010, 2015; Liu and Lee, 2010). This strand of the literature shows that
the spatial autoregressive network models may resolve the reflection problem and allow for
the identification of endogenous effect, contextual effects, and unobserved correlation effect.
In these types of models, the endogenous peer effect and the correlation of unobserved
characteristics of members are specified through spatial autoregressive processes. Following
this strand of the literature, we introduce a new specification that allows a group member’s
outcome to depend on (i) the outcomes of the other members of the group through a matrix
exponential term, (ii) the characteristics of the other members through a spatial lag term, (iii)
the unobserved group heterogeneity, and (iv) the correlation in the unobserved characteristics
of members specified through a matrix exponential term. We will refer to this model as the
matrix exponential social (MES) network model.

We show that the best reply function based on two alternative quadratic utility func-
tions that account for all externality levels generated by group members heterogeneity or all
spillover effects due to social interactions within the group can yield the MES network model.
The MES network model has two important features. First, the endogenous peer effects and
the correlation in the unobserved group characteristics are specified through matrix expo-
nential terms rather than spatial autoregressive processes. It is well known in the literature
that the models specified in terms of matrix exponential terms enjoy several properties in
terms of specification and estimation issues (Chiu et al., [1996; Debarsy et al., 2015; LeSage
and Pace, 2007; LeSage and Pace, 2009; Yang et al., 2021, [2022, 2024)). Because the ma-

trix exponential terms are always invertible, our specification has a reduced (or equilibrium)



form, and does not require any restrictions on the endogenous and correlated effects. On the
other hand, the estimation of the spatial autoregressive network models requires a restrictive
parameter space for the endogenous and correlated effects. Moreover, the likelihood based
estimation of our network model has the computational advantage because the likelihood
function does not involve any matrix determinant terms that need to be computed in each
iteration during the estimation.

The second feature of our specification is that it allows for potential heteroskedasticity
in the unobserved idiosyncratic characteristics (i.e., the error terms). This means that the
outcomes of group members are allowed to be affected by the unobserved factors in different
ways. Given that group members can differ in many ways, it is natural to expect that the
homoskedasticity assumption generally will not hold in empirical applications. However, the
literature has only considered spatial autoregressive network models under the homoskedas-
ticity assumption (Bramoullé et al., 2020; Lee, [2007; Lee et al., 2010; Lin, 2010} 2015} Liu
and Lee, |[2010). Importantly, the estimators suggested in these studies may not be consistent
under heteroskedasticity because these estimators are usually derived from some non-linear
objective functions. As in White (1980), our approach does not require a specific formal
model for the structure of heteroskedasticity and allows for heteroskedasticity-robust infer-
ence.

In this paper, we explore the likelihood based estimation of the MES network model
under both homoskedastic and heteroskedastic error term cases. We consider two estimation
approaches: (i) a transformation approach and (ii) a direct approach. In the transformation
approach, we first eliminate the group fixed effects from the model using a orthogonal trans-
formation based on the decomposition of a projection matrix (Lee and Yu, 2010). In the
homoskedastic case, we show that the quasi maximum likelihood estimator (QMLE) defined
based on the likelihood function of the transformed model attains the usual large sample
properties under some regularity conditions. In the heteroskedastic case, we show that the
QMLE may not be consistent as the expectation of the score functions evaluated at the true
parameter vector may not be zero. Therefore, our estimation strategy dwells on re-centering
the score functions analytically to ensure that their expectations become zero. We then de-
fined a robust M-estimator (RME) as the root of the adjusted score functions and establish
its large sample properties under some assumptions.

The transformation approach is only applicable for models that have row normalized
network matrices. Therefore, we also consider a direct estimation approach that does not
necessitate the row-normalization. In the direct approach, we estimate the group fixed effects
along with the main parameter vector based on the likelihood function of the original model.

In both homoskedastic and heteroskedastic cases, we show how to adjust score functions such



that their expectations evaluated at the true parameter vector are zero in all cases. Using
suitably adjusted score functions, we propose an M-estimator (ME) in the homoskedastic case
and an RME in the heteroskedastic case. We formally establish consistency and asymptotic
normality of both estimators under some assumptions.

The variance-covariance matrix of all suggested estimators takes a sandwich form. For
the QMLE based on the transformation approach, we suggest using a plug-in estimator and
show how consistent plug-in estimators can be formulated for the third and fourth moments
of the error term. In the case of RME under the transformation approach, and ME and
RME under the direct approach, we show that the expectation of the Hessian matrix can be
consistently estimated by its sample counterpart evaluated at a consistent estimator. For the
variance-covariance matrix of the adjusted score functions, we show that a plug-in estimator
is consistent in the case of the RME based on the transformation approach. However, in
the case of both ME and RME based on the direct approach, the plug-in estimators of the
variance-covariance matrix of the adjusted score functions have asymptotic bias because of
the estimation of the group fixed effects. We suggest analytical bias corrections for both
estimators.

In an extensive Monte Carlo study, we assess the finite sample properties of the proposed
estimators and inference methods under both homoskedastic and heteroskedastic settings.
Our results show that the QMLE based on the transformation approach performs satisfac-
torily under homoskedasticity. However, under heteroskedasticity, while the QMLE shows
satisfactory performance in terms of bias, it can report empirical coverage rates that are lower
than the nominal value. Our results show that the ME based on the direct approach performs
similar to the QMLE. In particular, it exhibits negligible bias but can report empirical cover-
age rates that are lower than the nominal value for some parameters under heteroskedasticity.
Our simulation results also show that the RME based on both transformation and direct ap-
proaches perform satisfactorily under both homoskedastic and heteroskedastic settings.

In an empirical application, we estimate the MES network model using data from the
National Longitudinal Study of Adolescent to Adult Health (Add Health) to investigate
peer effects on academic achievement, participation in recreational activities, and smoking.
The Add Health data sets have been extensively used to explore the role of peer effects on
academic achievement, study effort, school activities, delinquency, and risky behaviors. See,
among others, (Boucher et al., [2024; Calv6-Armengol et al., 2009; Clark and Lohéac, 2007}
Fruehwirth, 2014} Goldsmith-Pinkham and Imbens, 2013; Hsieh and Lee, 2016; Hsieh and
Lin, |2021; Lee et al., 2014 Lee et al., 2021; Lin, 2010, 2015; Zenou and Patacchini, 2012]).
For academic achievement and participation in recreational activities, our results provide

statistical evidence only for the correlation in unobserved factors (the correlation effect),



while for smoking frequency, our results show statistical evidence for both endogenous and
correlation effects.

Methodologically, our utility functions that yield the MES network model are related
to the conformist and spillover utility functions that underpin the linear-in-means model of
Manski (1993) (Boucher et al., [2024; Brock and Durlauf, 2001; Patacchini and Zenou, 2009).
In the spillover model, an individual always benefits from the average peers’ efforts (peers’
social norm), while in the conformist model, the individual incurs a cost for deviating from
the social norm. Boucher et al. (2024) recently suggest a general utility function that yields
a best reply function that is non-linear in the social norm and encompasses both the spillover
and conformist models as special cases. We suggest two alternative utility functions, where
the first one accounts for all externality levels generated by group members’ heterogeneity
and the second one accounts for all spillover effects due to social interactions within the
group.

Our paper is also closely related to the research on estimation and inference methods for
spatial autoregressive network models. Lee (2007)) is the first to consider a spatial autore-
gressive model in a group setting, allowing for endogenous group interactions, contextual
factors, and group-specific fixed effects (i.e., unobserved group heterogeneity). Using the
Add Health data, Lin (2010, 2015) employ the spatial autoregressive network model with a
network matrix based on friendship links to estimate peer effects on adolescent developmen-
tal outcomes. Subsequently, Bramoullé et al. (2009) investigate the identification of network
models and demonstrate that identification depends on the structure of the network matrix.
Lee et al. (2010) and Liu and Lee (2010) extend these models with general network matrices
in the quasi-maximum likelihood and generalized method of moments settings, respectively.
See Bramoullé et al. (2020) for an extensive review of peer effects in networks.

The rest of the paper is organized as follows. In Section [2| we briefly describe a setting
in which the matrix exponential social network model can arise. Section [ presents the
details of the transformation approach. We establish the large sample properties of the
QMLE under homoskedasticity in Section and of the RME under heteroskedasticity in
Section[3.2] In Section[] we consider the direct approach and define the ME and RME for the
homoskedastic and heteroskedastic cases, respectively. In Section [5] we investigate the finite
sample performance of the proposed estimators through extensive simulations. In Section [0}
we provide our empirical application using the Add Health data. Finally, Section [7] offers

concluding remarks. All technical details are provided in a supplementary web appendix.



2 Model specification

In this section, we show how our model specification can arise from a utility maximization
framework. We consider n agents partitioned into R networks such that there are n, agents
in the rth network for r = 1,2,..., R. Let W, = (w;;) be the n, X n, network matrix for
the rth group such that w;;, = 1 if < and j are connected, and zero otherwise. The degree
of the ith agent is given by Z?’:'l w;jr, and we do not require that each agent has the same
degree. In particular, W, may or may not be directed or row-normalized. Let y;. be the
effort level (for an outcome variable) of the ith agent in group r, and 7;, denote the (ex ante)
heterogeneity of the ith agent. Let Y, = (yir, Y2r,- - s Yn.r) and I, = (71, Tory .., Tny)
For the given network structure W, and heterogeneity II,., we assume that the ith agent

chooses its effort level to maximize the following utility function:

o
U (Yir, W, 1L) = e, (Z pf(],)WZHr> - %Z/Em (2.1)
=0 7°

where e;, is the ¢th column of the n, x n, identify matrix I,,, and p, is scalar parameter.
In U, (yir, W, 11,.), the first term represents the benefit, while the second quadratic term
represents the cost of choosing the effort level y;,. The benefit term combines the agent’s
own effort level y;. with the ith element of the infinite sum » 7 ‘; 0WITL,., which is defined
as ZJOOO ’J’? WA, = (HT + pW, 1L, + éWfHT + %WEHT + .. ) This sum reflects the ex-
ternalities generated by heterogeneity due to social interactions within the rth group. The
first term in the sum, II,, represents the externality effect of the agent’s own heterogeneity;
the second term, poW,Il,., represents the externality level from first-order neighbors; the
third term, ’;—ngHr, represents the externality level from second-order neighbors; and all
remaining terms capture the externalities from higher-order neighbors’ heterogeneity.

Note that our utility function in does not depend on the effort levels of other agents.

To allow for spillover effects, we can alternatively assume the following utility function:

1 1
uir<yiray—i,r7WT7H ) Yir€p <H - 5 p} WJY) - §y1;27~7 (22)
1)
where Y., = (Y1iry Yor, -« s Yie1s Yit s - - - ,ynﬂ)' is the vector of effort levels, excluding

the effort level of the ith agent and p; is a scalar parameter. In this formulation, the
infinite sum )77, "; LY, <p1W,~YT + ’;—%WTQYT + %?Wfﬁ +.. > represents all spillover
effects generated by social interactions within the rth group. The first term in the sum is

the social norm that represents the spillover effect from the first-order neighbors, the second



term represents the spillover effect from the second-order neighbors, and all other terms
represent the spillover effects from high-order neighbors. Note that if py = p; = 0, then
Uir Yir, Y_i g, Wi I1) = Ui (Yir, Wi, 11,), and social interactions within the rth group do not
generate externalities or spillover effects beyond the agent’s own heterogeneity. In either case,
the benefit from the externality and spillover effects depends on the sign and magnitude of
the scalar parameters py and p;.

Our utility functions are different from the spillover and conformist utility functions that
are used to derive the linear-in-means model of Manski (1993). In the spillover model, the

1th agent chooses its effort level by maximizing the following utility function:

/ 1
uzi (yih Y—z‘,r7 WT? HT) = YirTir + psyireirWrY; - 5%’27«7 (23)
where 0 < p < 1 is a parameter measuring the intensity of the spillover effect of the social
norm e;, W, Y, (Boucher et al., [2024; Brock and Durlauf, 2001)). In the conformist model, the
1th agent chooses its effort level by maximizing the following utility function:

pC ’ 2 1
ug(yira Yf'i,rv Wra HT‘) = YirTir — 7 <yzr - eirWrY;> - §y7j2r7 (24)
where p© > 0 is a scalar parameter for taste conformity (Boucher et al., 2024; Patacchini and
Zenou, 2009). Recently, Boucher et al. (2024) generalize both models and assume that the

1th agent chooses its effort level by maximizing the following utility function:

N 1 N
uzg(yira Y—’iﬂ”? Wra Hr) = YirTir + p?yiry—i,r(ﬁ) - 5 (y?r + pQG (yzr - y—i,r (ﬁ))2) ) (25)

where §_; ,(8) = (Z?:l wij,ryfr> e is the CES social norm with the unrestricted parameter
B, and p¢ and p§ are scalar parameters. In U (y;, Y, Wy, 11,), the sum of the first
two terms denote the benefit, while the last term the cost of choosing y;.. Under certain
constraints on p§ and p§, Boucher et al. (2024) show that UZ (-, Y_; ., W, 11,.) yields a best
response function for y;,..

Our approach differs from these approaches in two key ways. First, in U, (v, W, I1,.), we
account for all externality levels generated by heterogeneity, and in U, (yir, Y—i -, Wi, I1,.), we
account for all spillover effects due to social interactions within the rth group. Second, we do
not impose any restrictions on the scalar parameters py and p;, or the network matrix W,.. In

our setting, the best reply function based on either U, (yir, Wy, I1,.) or Uiy (yir, Y—ip, Wy, 11,.)



is derived as

Yir = eir€¢WTHT7 (26)
where e?Vr = Z;io ‘;’—fW,? is the matrix exponential term, and ¢ = py in the case of

Uiy (Yir, W, I1,.) , while ¢ = —p; in the case of U (yir, Y_is, Wy, 1IL.). Therefore, in our
case, the best reply function for the rth group is simply given by

Y, = "1, (2.7)

We further assume that the individual heterogeneity across the members of group r is given
by

IL, = X, 01 + W, Xo. B2 + A1y, + U, (2.8)

where X, is the n, x k, matrix of exogenous observed own characteristics with the matching
parameter vector (1, W, X, is the n, x k, matrix of contextual variables (peers’ observed
characteristics) with the matching parameter vector 5, A, is the group-specific fixed effect
for the rth group, 1, is the n, x 1 vector of ones, and U, = (uy,,... ,unrr)' is the n, x 1
vector of unobserved characteristics. We further allow for the possibility that the unobserved
characteristics are correlated among the group members by assuming that e™ U, = V,,
where 7 is a scalar parameter, M, is another n, xn, network matrix specifying links among the
unobserved factors, and V,. = (vy,, . .. ,vnrr)/ is the n, x 1 vector of unobserved idiosyncratic
characteristics (i.e., the error terms).

Hence, our suggested MES network model takes the following form:
eaWT}/T = Xrﬂl + WTXT/BQ + )\rlnr + Um eTMTUr = ‘/7’7 (29)

where a« = —¢p. In , « is the endogenous effect, B, is the vector of own effects from
own observed characteristics, (5 is the vector of contextual effects from the observed peers’
characteristics, A, is the unobserved group heterogeneity, and 7 is the correlation effect.
Since the matrix exponential terms e®" and e™ are always invertible for any finite value

of a and 7, the reduced form of our model always exists and is given by

Y, = e " (X, 81 + W, X, B+ A1, +e 7V (2.10)



3 Transformation approach

3.1 Estimation under homoskedasticity

In this section, we provide the details of our estimation approach for the MES network model

under homoskedasticity. We require the following assumptions.

Assumption 1. The v;,.’s are independent and identically distributed (i.i.d.) across i and r

with mean zero and variance o3, and El|v;,|*T¢ < oo for some ¢ > 0.

Assumption 2. The network matrices are row-normalized, i.e., W;1,, =1, and M,1,, =
1, forr=1,...,R.

Assumption 3. The network matrices W, and M, are uniformly bounded in both row sum

and column sum matriz norms forr=1,..., R.

Assumption 4. There exists a constant ¢ > 0 such that |a| < ¢ and |7| < ¢, and the true

parameter vector (o = (ap, 7o) lies in the interior of A = [—c,c] x [—c¢,d].

Under Assumption |1 we assume that the error terms are independent and identically
distributed across i and r. The moment condition E|v;.|*t¢ < oo ensures that we can apply
the central limit theorem (CLT) for linear and quadratic forms to the score functions of our
model (Kelejian and Prucha, 2001} [2010)). Assumption [2| is necessary when introducing the
likelihood function. Assumption [3| provides the essential properties of the network matrices.
It ensures that the network correlation is limited to a manageable degree (Kelejian and
Prucha, 2001}, [2010). Assumption [4] requires that the parameter space of the parameters in
the matrix exponential terms is compact. This assumption and Assumption [3|imply that the
matrix exponential terms are uniformly bounded in both row sum and column sum matrix
W | = 52, Wil < Y lafIVW it = eleliwel,

which is bounded if |a| and ||W,|| are bounded, where || - || is either the row sum or the

norms. This can be seen from ||e

column sum matrix norm.
Define the n, x k matrix Z, = (X,, W, X,) and the k x 1 vector B = (8}, 3;) , where
k = 2k,. Then, the MES network model can be written as

MY, = Z,8+ N1, + U, MU=V, r=1,2,... R (3.1)

In order to avoid the incidental parameter problem in the estimation of (3.1]), we need
to eliminate the group fixed effects from the model. To that end, we use an orthogonal
transformation based on the decomposition of J, = I,,, — n—lrl 1, (Lee and Yu, 2010). Let

Nr —n,p

<Fm, \/Lnjlnr> be the matrix containing the orthonormal eigenvectors of J,., where F}, is the

9



n, X (n, — 1) matrix that contains the eigenvectors corresponding to the eigenvalues of one.E|

Pre-multiplying both sides of (3.1 with F;lr, we obtain,

E, e"VY,=Z:8+U:, F,e™U, =V (3.2)

r

where Z = F, Z,, U = F, U, and V,* = F, V,. Under Assumption , we have

F. Wy, = F oW (F E + i1m1; ) Y,
T T nr T

n Nr+ ngy

/ / 1 / 7
=F, e"VF, F, Y, +—F, e"1,1,Y,
ny

/ /

1
=F, e"VE, Y+ —F, "1, 1, Y,

n Nr —ng
r

where Y* = F Y,. Note that F, e®"r1, 1Y, = S0 9F, Wil, 1, Y, = 0 because

Ny —ng =T 1=0 4! Nr —n,

wW.1, =1, and F;W 1, = 0. Also, note that

[e.e]

) ) i ,
' aW, _ Yo win o @ ' _ aF, W
F, e F, = ZﬁFmWanr = Zﬁ F, WoF,, | = e,
i=0 i=0
/ * !/ . . .
Thus, we have F, e*""Y, = e®"rY* where W = F, W,F,, . Similarly, we can write
T T

E, e™™ U, = e™™ U, where M} = F,, M,F, . Then, (3.2) can be written as
WY = ¢+ U, MU =V (3.3)

Note that the transformation reduces the effective number of observations in the rth group
from n, to nt = (n, —1). Let N = Zle ny = n — R be the total number of observations
in the transformed model, § = (v',0%) with v = (8,¢) and ¢ = (a,7)". Then, under
Assumption |1, the quasi log-likelihood function of (3.3]) can be expressed as

T

— > VIV

202
r=1

N R
In L(0) = ) In (2m0?) + Z In e
r=1

R
+ E ln‘eTMT
r=1

R
N 2 1 *! *
Z—Eln(%m)—R(OHFT)—@;VT (VI (), (3.4)
where | - | is the determinant operator and V(y) = e™ (e*"7Y;* — Z*3). The second
equality in (34) follows from the fact that In|e®""| = Ine** ™) = —q and In|e™"| =

'Some properties of F,, are (i) Jn, Fp, = F,,, (i) F, F, = I, _1, (iii) F, 1,, =0, (iv) F, F, +
11,1, =1,,and (v) Fo F), = J,,.

Nr N, Nr+ n,

10



In e7'tr(M;‘) —

—7, where tr(-) is the trace operator. Thus, In L(f) is free of any Jacobian
terms that need to be computed at each iteration during the estimation process.

Using J, = F,, F, and the fact that F Mg = F, ™" we can express V*(7) as

Nr+ ng,

Vi(y) = e (MY - 2:8) = F e E,, (F, VY, — F, Z,8)

T n

=F, e J (™Y, — Z,8) = F, ™ (e*™'Y, — Z,8) = F, Vi(v), (3.5)

where V(7)) = e (e?"'Y, — Z,3). Thus, we have V"' (1)V*(7) = V, (7)Fn, F, Vi(7) =

V. (7)J,V,. (7). This important property allows us to express In L(6) in terms of the original

variables:

R
N
In L(#) = ) In (270%) — R (o + 1) Z: (3.6)
Let Blkdiag(A;, ..., Agr) be the block-diagonal matrix formed by constant matrices Ay, ..., Ag.
Define e®V' = Blkdiag(e®™1, ..., e®Wr) ™ = Blkdiag(e™", ..., e™r) W = Blkdiag(W1,..., Wr),

M = Blkdiag(Mj, ..., Mg), J, = Blkdiag(Jy, ..., Jg), Y = (Yl,...,YR)', 7 =(Z,...,75),
U= (Uy,...,Up) and V = (V/,..., V). Then, (3.6) can be expressed as

In L(6) = —g In (270%) — R(a +7) - %V'(v)JnV(v), (3.7)

where V(y) = e (e®™WY — Zf3). From the first-order conditions with respect to 3 and o2,

we respectively have

3(¢) = (Z’eTM'JneTMZ)_1 (Z’eTM’JneTMeaWY> , (3.8)
52(¢) = % (eaWY . ZB(C))l o™ g e (eaWY . ZB(C)) . (3.9)

Substituting (3.8) and (3.9)) into . we get the concentrated quasi log-likelihood function,
N N
I L(¢) = =% (In(2m) + 1) = R{a+7) - 31na2(g). (3.10)

Let 0y = (vy,02) with vo = (By, (s) be the true parameter vector. Then, the QML estimator

¢ of ¢y maximizes (3-10), i.e., = argmax. In L(C) Upon substituting ¢ into and (3.9),
we obtain the QML estimators B = ﬁ({ ) and 6% = 02(( ) of By and o2, respectively.

To ensure that (o is globally identified in our model, we require that +(G(¢) — G(()) > 0
for any ¢ # (o, where G(¢) = maxg,2 E (In L(¢)). To investigate this condition, we define

11



the following terms:

!

K (¢) = Zl@TM/JneTMZ, Ki2(€) = Ky (¢) = Zl@TM/JnerMe(afao)WZBO,
Kﬂ(() _ (e(afao)WZﬁO)lerM’JneTMe(afao)Wzﬁo. (3.11>

Assumption 5. Z is exogenous, with uniformly bounded elements, and has full column rank.

. ’ 4 . . . . .
Also limy_, %Z e™ J,e™ 7 exists and is non-singular, uniformly in T € [—c, c].

Assumption 6. Either

/

(a) limy_ o %[_((C) = limN_m% (KQQ(C) — KlQ(C)Kﬂl(C)Klg(C)) > 0, and the equality
holds only when ( = (y; or

(b) limy oo In(02(C)) —In(02) + 2R(a — ap) + 2R(7 — 7o), where 6*(C) = Ztr(A'(¢)J,A(C))

with A(¢) = e"Mele=a0)We=n0M s not zero for ¢ # (p.

Assumption [5| provides some regularity conditions and corresponds to Assumption 4.2 in
Lee et al. (2010). Assumption [6] provides sufficient conditions for the global identification
of {y and can be considered as the extension of Assumption 5.1 in Lee et al. (2010) to our
setting (see the proof of Theorem for the details). The following theorem states the

consistency of the QML estimator.
Theorem 3.1. Under Assumptions @ 6 is a consistent estimator of by, i.c., 0 —— 6.
Proof. See Section B.1 in the web appendix. m

To derive the asymptotic distribution of 5, we apply the mean value theorem to the
~ a0\ —1 _ ~
score functions to get vV N(0 — 6y) = — (la%L(a)) L 9nL) " where @ lies between 6 and

N 9000’ VN 90
0o element-wise (Jennrich, (1969, Lemma 3). Let ¥(6)) = —+E <82éggé?°))7 which can be
derived as
Ky * *x x Ok« * * *
(0p) = 1 Ky K3, x x N 1| Ok tr(J, W(J, W)?#) * *
No2 |01 0 O N | O1xr tr(J,W(,M)*) tr((J.M)(J,M)®)
lek 0 00 01><Ic U_Rg J—Rg m

where K7, = Z e™M' Je™M 7 K% = —B,Z W' eoM' JeM 7 K%, = By Z' W' e™M J,e™MW Z 3,
W = e™MWe=mM and A* = A+ A’ for any square matrix A. It can be shown that the
limit of W(6y) is non-singular under the following assumption (see the proof of Theorem
for the details).
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Assumption 7. limy ., - (““J"W)(J"W)S)““J"M)("”M)S)_“Q“J"WW"MS”)

N (D) () 18 strictly positive.

Let p3 = E(v}) and pg = E(v}), and define x = (uy — 303)/0§. Then, we can show that
Q(6)) = Var( L 81““90)) — U(f) + T, where

N 00

Ok xk * * *

1 —%}vec'D(JnW) Je™MZ Yo * *

I= N —’;—;i)vec'D(JnM)JneToMZ Y3y mvecy(J,M)vecp(J, M) *
01xk Ty —ﬁvec’l)(JnM)vecD(Jn) évec’D(Jn)vecD(Jn)

and

2y ,
Ty = ﬁvecD(JnW) Tn€™ MW 7 8y + revec s (JoWveep (J, W),
0

T3 = gvech(JnM)JnemMWZ% + kvecy, (JoW)vee (J, M),
0

Ty = —%Vech(JnW)vecD(Jn).
204

Theorem 3.2. Under Assumptions[I{7, we have

VN@ - 90)—>N<() lim 0~ (90)9(90)\1/*1(90)),

N—o00
2 n n
where V() = —xE <6é95990 > and (0y) = Var (\/%81 59(9 )>.
Proof. See Section B.2 in the web appendix. O

For inference, we suggest using the plug-in estimators of W(6y) and €(6y) formulated with
6. The expression for £2(y) contains pz and k. To define consistent estimators of u3 and x,
let V =,V and fjn be the (j, h)th element of J, for j,h =1,...,n. Also, let 0; and v; be

the jth element of V oand V, respectively, for j = 1,2,...,n. Then, 0; = fjiv1 + ...+ fjuvn,

for j =1,2,...,n. Assumption [I] ensures that
Z FREG) + 3030 Ff - Z fin =" Z Fhot+ 30833 Ff
h=1 I=1 h= h=1 I=1

Summing E(9 ) over j and solving for k, we obtain

Z;L 1E( )_3‘7023 1Zh 121 1 ]h Jz
OZj:IZh:I jh

K =

13



This last expression suggests that a consistent estimator for x can be formulated as

~4

> ~4

Z;L:1 v; — 30 2?21 D het 2l fh j2l
~A~~N
o Zj:l Zzzl fh

K=

(3.12)

where 52 = 52(¢) and 0; is the jth element of J,e™ (WY — ZB) Similarly, under As-
surnption we have E(09) = 370, f5,BE(v) = ps 35—y £, which gives ug = E(02)/ > "r_ f3,.

This last expression suggests the following estimator for pus:

3

R >/ ¥
3 i .
S T

(3.13)

3.2 Estimation under heteroskedasticity

In this section, we consider the estimation of the MES network model under heteroskedas-
ticity. The estimation approach consists of two steps. In the first step, the score functions
obtained from the quasi log-likelihood function are adjusted so that their expectations at the
true parameter vector are zero under heteroskedasticity. In the second step, we define our
suggested estimator as the root of the adjusted score functions. We start by specifying the

form of heteroskedasticity.

Assumption 8. The v;.’s are independently distributed over r and i with E (v,) = 0 and

Var (vi,) = 02, and E \vir|4+g < 0o for some o > 0.

r’

We will denote the true parameter value as 6y = (53,, () with {, = (ap, ), and any
arbitrary value in the parameter space as 6 = (3',¢') with ¢ = (a, 7). Based on (3.7), the

relevant quasi-score functions are

B Ze™ ],V (6),
S(O)=qa: -V'(0)1.Y(C) - R, (3.14)
=V (0)J,MV(0) - R,

\]

where V(0) = e™ (e®"Y — ZB) and Y (¢) = eWe*™Y. Let ¥ = Blkdiag(Zy, ..., Zg),

where Y, = Diag(o?,,...,02 ) is the n, x n, diagonal matrix containing the unknown

? Y Nypr
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variance terms for r =1,..., R. Then, E (S(fy)) can be derived as

B:E(Ze™M V) =0,
E(S(0) =S a: —E(V'1,Y({)) — R=—tx(SJ,W) — R, (3.15)
7: —E(V'J,MV) - R =—tr(SJ,M) — R,

where W = e™®MWe=M Under our assumptions, it follows that tr(3J,W) = O(N) and
tr(X.J, M) = O(R). Thus, plimy_,., ~5(6o) # 0 because ~E(S(6y)) = O(1). This observa-
tion suggests that the QMLE may not be consistent under heteroskedasticity. However, if
W and M are commutative, i.e., WM = MW, then W = e™®MWe=7M — 1)/ Thus, we have
tr(SLW) = tr (SL,W) = Y0 tr (S,.4,W,) = = Y0 2r(5,1, 1, W,) = O(R). Hence,
plimy_,. +5(6p) = 0 when R/N — 0.

We will adjust the quasi-score functions such that their expectations become zero in
all cases. We start with the score function with respect to . First, note that tr(DA) =
tr(D Diag(A)) for a diagonal matrix D and any conformable matrix A. Using this prop-
erty and e®VY = ZB, + C\\g + e ™MV where C, = Blkdiag(1,,,...,1,,) and Ay =

(A,...,Agr)’, we have
E (V’ JnY(go)) —E (V/JneToMWe“°WY> —E <V'JneTOMWe’TOMeTOMeO‘OWY)
_F (V’anemMe%WY) —E (v’ anv> = tr (2J,W) = tr (X Diag(.J,W))
— tr (¥ Diag(J, W)(Diag(J,))"*.J,) = E (V’ Diag(JnW)(Diag(Jn))_ljnV> .

Then, subtracting the last term from the fifth term, we obtain

E (v’ anv> _E (v’ Diag(JnW)(Diag(Jn))_ljnV> —0 — E (V’WDV> — 0,
(3.16)

where Wp = J, W — Diag(.J, W)(Diag(J,)) ' J,. Similarly, with respect to the 7 element of
E (S(6p)), we have

E (v’ JnMV> = tr (2J,M) = tr (S Diag(J, M)) = tr (X Diag(.J, M)(Diag(J,)) ")

—E (v’ Diag(JnM)(Diag(Jn))_ljnV) .
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Then, subtracting the last term from the first term, we obtain
E (V'MDV) —0, (3.17)

where Mp = J,M — Diag(J,M)(Diag(J,)) ' J,. Hence, we propose the following adjusted

quasi score functions for estimation:
B:Ze™ ], V(6),
Q@

L =V (O)Wp(T)V(8), (3.18)
T =V (O)MpV(6),

S*(0) =

where Wp(7) = J,W*(7) — Diag(J, W*(7))(Diag(J,,)) "' J,, W*(1) = W(r) — Diag(W(7)),
and W(7) = e™We~™ . The robust M-estimator can thus be derived by solving the system
of nonlinear equations in (3.18). The solution can be simplified by first solving for 3 for a
given ( value, which can then be substituted into to obtain the concentrated quasi
score functions with respect to (. By setting the quasi score function with respect to g to

zero, we obtain the following estimator for a given ( value:

~

Bar(Q) = (Z’eTM'JneTMZ)_1 (7 e gy ). (3.19)

Substituting EM(C) back into the a and 7 elements of S*(#), we obtain the following con-

centrated quasi score functions:

gy =" T Y (3.20)

where V(¢) = V(B(C),¢) = e™ (e“WY - Z@M(g)). Then, we define the robust M-

estimator (RME) ZM of ¢y by ZM = argsolve{S**(¢) = 0}. Substltutmg CM into (3-19) yields
the RME BM = BM(CM) of By. Note that the consistency of fy; = (,BM, CM) follows from
the consistency of C A Since B M= 6 M(C ). To prove the consistency of C ar» we define the

population counterpart of (3.18] - as

B:E(Ze™M IV (0)),
S*(0) = E(S*(0)) = S a: —E (V' (O)Wp(1)V(9)), (3.21)
T: —E (V
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Setting the score function with respect to 8 to zero yields

— / ! 71 / !

By (C) = (Z o™ JneTMZ> (Z o™ JneTMeO‘WE(Y)> . (3.22)
Substituting this expression into the o and 7 elements of (3.21]), we obtain the population
counterparts of (3.20)):

5(() = <(_ (3.23)

where V(¢) = V(B,(¢),¢). To prove the consistency of ,;, we need to show (i) the uniform
57(¢) = 5*(¢)|| = 0p(1), and (ii)

the identification-uniqueness condition (van der Vaart, (1998, Theorem 5.9). The following

convergence of 5*°(¢) to S*(¢) over ( € A, i.e., supcea =~ |

high-level assumption states the identification-uniqueness condition for Coﬂ

Assumption 9. infe.qcc)>0 ||§*C(()H > 0 for every v > 0, where d((,(p) is a measure of

distance between ¢ and (y.
Theorem 3.3. Under Assumptions @@ and @@ we have Oy —— By as n —» oo,
Proof. See Section B.3 in the web appendix. m

To derive the asymptotic distribution of the RME, we apply the mean value theorem

~ ~ o\ 1 _
to S*(0y) at @y, to obtain v/ N (0 — 6) = — (ﬁ@S{Q@)) \/LNS*(HO), where 6 lies between

0y and /Q\M element-wise. In order to apply the CLT to \/LNS*(HO), we need to show that
S*(0p) can be written in terms of linear and quadratic forms of V' (see Lemma A.4 in the
web appendix). Since J,V (6y) = J,,V, the adjusted score function in S*(6y) with respect to
B can be expressed as Z'e™oM J.V (6o) = Z'¢™M' J,V. For the a element of S*(6p), we have
V' (60)WpV'(6y), where V(f) = e™M (e*WY — Zy) = e™MC\\g + V. Then,
1 1 /

——=V (00)WpV (b)) = —=(e™"Chro + V) Wp (MO + V

\/N ( 0) D ( 0) \/N( AN0 ) D( AN0 )
1 ’ 1 ’ 1 o !
= —VWpV + —=VWpe™"C A + —=A,Cre™" WpV
\/N D \/N D AN0 \/N 0~ D

1 r / 1 ’
+ \/_N)\OC)\GTOM WD@TOMC)\)\O = \/_NV WDV + Op(l),

2In Section B.6 in the web appendix, we provide some low-level conditions that are sufficient for Assump-
tion |§| to hold.
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because Wpe™®MCy\\g = 0 and \;—N)\z)C:\eToM/WDV = 0,(1) by Lemma A.6 in the web ap-
pendix. Similarly, we have \/LNV(QO)MDV(QO) = \/LNV'MDV + 0,(1) by Lemma A.6 in the

web appendix. Thus, we can express S*(fp) in terms of linear and quadratic forms of V' as

B g2 eV,
1 . /
ﬁS (00) == o _\/LNV WDV + Op(l), (324)

71 ==V MpV +0,(1).

This result in (3.24]), combined with Jba‘zew) —+E <8S 8§60)) = 0,(1), leads to the following

theorem.

Theorem 3.4. Under Assumptions[Z{J and[§{9, we have

VN@y — 0y) —25 N (o im0 1(9())9*(90)\1/*—1’(90)), (3.25)
* (90) * _ 1 % .
where U*(6y) = E( ) and Q*(0y) = Var (JNS (90)) are assumed to erist and

U*(0y) is assumed to be posztwe definite for sufficiently large N .
Proof. See Section B.4 in the web appendix. m

Theorem indicates that we need consistent estimators of W*(fy) and 2*(6,) for in-

ference. In the case of U*(y), we can use the observed counterpart given by \IJ*(/G\M) =

_ % 8:99;(/9) |9:§M_ The elements of U*(f) are given below.

NUs,(0) = Z' ™ J,e™Z, NU3,(0) = —Z ™ J,Y (), NU}.(0) = —Z ™ (J,M)*V (0),
NU;5(0) = =V (0)W5,(r)e™ Z, NV, (0) = Y (OWp(1)V(0) + V' (O)Wp(T)Y (C),

N, (6) = V'(0) (MW (r) + Wi(r)M +Wp(r)) V(B), NUy(6) =~V (6)Mpe™ 2
NV, (0) =Y (OMRV(0), NUZ(0) = V' (0)M5, MV (6),

where Wp(7) = OWp(7)/0r = J, W*(T) Diag(J, W* (7)) (Diag(J,)) " J, with W*(r) =
W(r) — Diag(W(r)) and W(r) = MW(7) — W(7)M. Under our stated assumptions, it can
be shown that \I/*(EM) U*(0y) + op(l)l In the case of Q*(6y), we first determine the

closed-form expressions of its elements by using Lemma A.2 in the web appendix:

NQ,(60) = 2/ T, S0, 2, NQ5.(6p) =0, N3, (6p) =0, (3.26)
NQE(60) = tr(SWHEWS)), NQ.(60) = tr(SWpEMS,), N (6p) = tr(EMpEMS)).

3See the proof of Theorem for details.
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Let v, be the ith element of VT = J.e M- (eaMW*Y} — ZrBM> fori=1,...,n, and r =
1,...,R. We replace ¥ in Q*(6y) by S = Diag(93,,...,0- ). Then, we formulate the

? TLRR
estimator of Q*(6y) by Q = Q*(0y), where we replace ¥ with ¥. In the next theorem, we

show that Q is a consistent estimator of Q2*(0p) when R/N — 0, i.e., when the number of

observations grows faster than the number of groups.
Theorem 3.5. Under Assumptions @@ and @@ we have Q = Q*(0o) + 0,(1).
Proof. See Section B.5 in the web appendix. O

Remark 1. The form of S needs to be adjusted in the case of group-wise heteroskedasticity.

From V, = J.V,, we obtain v; = v — ni Z?ﬁl vj. forr =1,...,R. This relation gives
)i

E(0;,) = =107 under group-wise heteroskedasticity. Thus, we have o} = = E(v7). This

; r—1 ir
last result suggests that we can formulate 3 as ¥ = Blkdiag (Eflm, e ,EéInR), where Zf\f =
oS @ forr=1,...,R.

4 Direct approach

In Section 3], we applied the transformation method to eliminate the group fixed effects from
the model and subsequently introduced estimation for the resulting transformed model. This
approach necessitates that both W and M are row-normalized as shown Assumption 2l In
this section, we relax this assumption and estimate the group fixed effects along with other

parameters.

4.1 Estimation under homoskedasticity

Recall that eV = Blkdiag(e®V, ... e?Wr) ™ = Blkdiag(e™",... e™r) Y = (Y|,..., Yy

Z=(Zy,....,2g), U= (Uy,....,Ug), V= (V,..., V), Cy = blkdiag(1,,,...,1,,) and
A= (M1,...,Ag)". Then, (3.1) can be expressed in the following matrix form:

VY =ZB+ O N+ U, MU =V. (4.1)

Let 6 = (8',02,¢") with ¢ = (a,7)’, and 0y = (By, 02,(;) with ¢y = (ap, 7o) be the vector

of true parameter values. Then, the quasi log-likelihood function can be expressed as

InL(6,\) = —gln(27r02) _ %V/(B, CNV(B, G, (4.2)
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where V(3,¢(,\) = e™ (eaWY —Zp— C’,\/\) and n = Zle n,. Given 6, In L(0, \) is par-

tially maximized at

/

B, ) = (0’ (T)C(T)> et (VY - 2p), (4.3)

where C(7) = e™ (). Substituting X(ﬂ, ¢) into In L(#, A), we obtain the following concen-

trated quasi log-likelihood function:
1~ ~
In L°(6) = —ZIn(2n0%) — 55V (8. OV (8.). (44)
o

where V(8,¢) = Qc(r)e™ (WY — ZB) and Qc(7) = I, — Po(7), with the matrix Pe(7)
being defined as Po(7) = C(1) (C’ (T)C(T))_l C'(7). Based on (@.4), we derive the following

score functions:

ﬁ: U—IQZ/QTM/V(B7<)7
02—+ V(8. OV(5,€),
_a_gy’eaW/W’eTM,\N/(ﬂ,C),
—LV'(B,O)MV(8,0),

S°(6) = (4.5)

Q

where W = Blkdiag(W1, ..., Wg), M = Blkdiag(M,, ..., Mg). Using e*"VY = ZBy+Cy o+
e~ ™MV we can show that V (S, o) = Qc(10)V. Thus, we can derive E (S¢(6y)) as

B Opxi,

B(s@) = (4.6)
o —tr (QC(TO)GToMWe*ToM) ,
T —tr(Qe(mo)M),

where N = n — R. Using Lemma A.7 in the web appendix, we can determine the order of
~E (5¢(6p)). Thus, we have +tr (Qc(r)e™MWe ™M) = Ltr(e™MWe ™M) —Ltr(Po(r)e™MWe ™M) =
O(1/ min{ny, ..., ng}) and similarly, ~tr (Qc(70)M) = O(1/ min{n,, ... ,ng}). These order
terms indicate that when all group sizes diverge, we can ensure that plimy_, %50(90) =0.
However, we may have plim_, %SC(QO) # 0 if some group sizes are not large. To make sure

that plimy_, %SC(QO) = 0 holds in all cases, we suggest using the adjusted score functions
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St(6o) = S°(6o) — E (S°(6o)):

B: L7 eMV(8,0),

(4.7)

For a given ¢ value, we can use the adjusted score functions with respect to 8 and o2 to get

the following estimators:

BT(C) = (Z/eTM/QC(T)eTMZ> - Z,eTM/QC(T)eTMeO‘WY, (4.8)
72(0) = 3V (T (), (1.9

where V(¢) = V(B'(¢), ¢) = Qo(r)e™ (emy - XET(C)) By substituting 3 (¢) and 572(¢)

into the o and 7 elements of ST(), we obtain

st(e) = (4.10)

a: _8T21(<) Y/eaW,W/eTMll//\'(C) + tr (QC(T)BTMWG*TM) ,
T —agV (OMV(Q) +  (Qe(r)M).
Then, we define the M-estimator (ME) ZT of ¢y by ZT = argsolve{S™¢(¢) = 0}. We can use
ZT to define the MEs ET = BT(ZT) and 1% = 8”(?). The consistency of ZT requires the
population counterpart of S%¢(¢), which we denote by ST(§) = E (ST(Q)). For a given (
value, we can derive the following population counterparts of (4.8)) and (4.9)) from ET(G) as:
— , ’ -1, ’
B(Q) = (2™ Qen)e™z) 2'e™ Qo(r) DQEY), (4.11)

7(¢) = +E (V(O7(0) (112

where D(¢) = e™e®™ and V(¢) = V(B1(¢), ). By substituting 57(¢) and @2(¢) into the o
and 7 elements of ST(6), the population counterpart of S¢(¢) in ([&.10) is given by:

a: —#@E Y’eO‘WIW'eTMI‘_/(CD + tr (Qe(r)e™™We ™) |

Sv]‘c — _, —
(©) T _ET+(C)E 4 (C)MV(O> +tr (Qc(1)M) .

(4.13)

. -1 . . .- .
The consistency of (' requires the following additional assumptions.

Assumption 10. 7 is exogenous, with uniformly bounded elements, and has full column rank.
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Also lim oo %Z/eTM Qc(1)e™ Z exists and is nonsingular, uniformly in 7 € [—c, c].

Assumption 11. infc.q¢ )= HS’TC(C)H > 0 for every v > 0, where d((, (o) is a measure of

distance between ¢ and (y.

Assumptions [10] and [I1] are the modified versions of Assumptions [ and [0} respectively.
Then, the consistency of ZT follows from the uniform convergence supc + ||S™(¢) — S el 2

0, which is shown in the following theorem.

Theorem 4.1. Under Assumptions E EL and it follows that N 0y as N — oo.

Proof. See Section C.1 in the web appendix. m
Next, we will derive the asymptotic distribution of @T. To that end, we apply the mean

7l . ~f @)\ L
value theorem to ST(6') = 0 at 6y, to obtain VN(§ — 6y) = — <%8§9€9)> \/LNST(GO),

where 6 lies between 6, and /Q\T elementwise. Let ¢ = Zfy + ChX\g. By (4.1), Y can be
expressed as Y = e W (¢ + e ™MV). Then, substituting Y = e W (¢ + e ™MV and
V (6o, ¢) = Qe(mo)V into ST(6y), we can express ST(6) in terms of linear and quadratic

forms of V' in the following way,

;

E UASZ’(TO)V,
o? —% + ﬁleC(TO)V;

a: _%V/T/(TO)QC(TO)V - o%%?b/eTOM T (10)Qc(70)V + tr (Qc(0)T(70)) ,
i = HVQe(r)MQo(r)V + tr (Qu(ro) M),

S1(60) =

(4.14)

where T'(19) = e™MWe ™M The CLT for linear-quadratic forms in Lemma A.4 in the

web appendix can be used to establish the asymptotic normality of \/LNST(QO). Also, our

assumptions ensure that %8?0(,@) —~E <%> = 0,(1). These results lead to the following

theorem.

Theorem 4.2. Under Assumptions |1} [3, [4 [10 and as N — oo, we have

VN@ —6) s N (o, lim qﬁ—l(eo)m(eo)qﬁ—l’(eo)) , (4.15)
—00
where U1(0y) = —+ E <%> and Q(0y) = Var (\/LNST(HOD are assumed to ezist and

Ui(6y) is assumed to be positive definite for sufficiently large N.

Proof. See Section C.2 in the web appendix. m

22



An estimator of UT(6) can be formulated from the observed counterpart given by H (/H\T) =

:
—%8‘?0(/9”9:5#. Let Hib(Q) = —%8‘2‘?0) for a,b € {8,0% a,7}. Then, we can derive the ele-

ments of HT(0) as

L2 2(r), NH'L(0) = NHY,(0) = %Z’(r)f/(ﬂ,g),

0—2
NH}L(0) = H{,(0) = =7 ()Y(Q), NH}(0) = HI,(0) = ~— 7 )MV (5,0),
NH.(0) = g + 5V (5.QV(5.Q), NHL,(0) = NH.a(6) =~ (QV(5.0),

NHL(0) =

NH(0) = NH1(6) =~V (3,0MV (5,0, NHL(0) = = ((OV(8,0 +Y QY (),

NHL(0) = Y (OMV(5,) + tr (Po(r)M*Qe(r)T (1)

NHI(6) = 5V (M T(5,0),
NH.(6) = V(5,08 ()MV(B,0) + tr (Qe(r)MPe(r) M)

where Z(7) = Qc(7)e™ Z, Y () = Qc(1)e™WeWY | Y5(C) = Qc(1)e™W?2e VY | B(1) =
Qc(T)M — Po(t)M', and T(7) = e™We™™_ In the proof of Theorem {4.2, we show that
HI@') = Wi(6o) + 0,(1).

Define Qf,(6,) = LE (s;(eo)sg’(eo)) for a,b € {8,0%,a,7}. Let 1 = vecn (Qo(m)),
Qs(70) = Qc(10)T'(10), Qs(70) = Qe (10)e™M W, Qu(10) = Qo (o) MQc(7o) and ¢; = vecp (Qi(7o))
for i = 2,3,4. Let p = E(v})/od and k = E(v})/oj — 3 be the skewness and excess kur-

tosis parameters, respectively. Then, by Lemma A.2 in the web appendix, the closed-form
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expressions for the elements of Qf(6,) can be derived as:

1 / !
N, (0) = 52 (10)Z(m),  NQ_,(60) = 2257 (o)an,
o 20

1 !/ !
NQL, (60) = — 27 (1)Qs(m) - U%Z (70) 2,

! 1 !
NOY (80) = =L 7 (m)as,  NQL, . (00) = —(kdiar +2N), (4.16)
o 4o

P 1 ’
Nl (60) = —r‘gqus(To)ﬁb T 202 (/ﬂh(h + Qtr(Q2(TO))> :
1 /
NQ!, (60) = 557 (’“11@4 + Qtr(QC(TO)M)> ;
0
1 ! ’ 2 / !
NOL(60) = 56 Qi (70) Qal(r0)é + 2> Qu(m) + K + tr (Qa(m) Q3(m0))
0 0
NG, (0) = L-0,0u(r0)0 + Kayas + tr (Qa(70) Q3 (10))
0
NQL(6p) = rqaqs + tr (Qa(70) Q5(70)) -
Let /):T = X(ET,ZT) be the plug-in estimator of A\g obtained from (4.3]), and p and K be
consistent estimators of p and r, respectively. The plug-in estimator of Qf(6,) is then given

~
by Q1(6') = Q(0)],_;

a biased estimator of Qf(f,) under our stated assumptions.

i .~ . The next theorem shows that this plug-in estimator is
7)\:A ?p:p7141:l{

Theorem 4.3. Under Assumptions |1} [3, [4 [10 and as N — oo, we have
OF@") = Q1 (8) + Bias' (1) + 0,(1), (4.17)

where Bias'(1y) is an (k+3) x (k4 3) matriz with zero entries everywhere except the (o, @)
entry, which is +tr (Po(79)Q5(70) Q2(70))-

Proof. See Section C.3 in the web appendix. m

The bias term arises since we may not be able to consistently estimate the group fixed
effects \g. Under our assumptions, both Qs(7) and Pco(7y) are bounded in row sum and
column sum matrix norms. Using Lemma A.7 in the web appendix, we can show that
+tr (Pe(10) Q5(70) Q2(70)) = O(1/ min{ny, ..., ng}). Thus, when all group sizes are large,
the bias term will become negligible. However, in settings with some fixed group sizes, the
bias correction is necessary for valid inference. Therefore, we suggest using the bias corrected
estimator (' = QT@T) — Bias'(71) to have valid inference in all cases.

Note that the plug-in estimator QT@T) still requires the consistent estimators of p and
k. Recall that V (B, () = Qc(m0)e™M (VY — ZBy) = Qc(70)V. Then, from V(Sy, (o) =

24



Qc(m0)V, we have U; = gj1v1 + ... + ¢jnVy, Where g, is the (j, h)th element of Q¢ (1), and
v; and ; are the jth element of V and V(8, (), respectively. Since v;’s are i.i.d, we have

E(7?) = SV ¢ Ewp) = ogp > r_y ¢ Summing E(39) over j and solving for p, we obtain

25 E())

p= 3 (4.18)
o Zj:l > h=t q?h
This result suggests the following sample counterpart as a consistent estimator for p:
n  ~3
R D
p= 2510 (4.19)

o~ )
o1 Z?:l > h=1 agg'h

where 7; is the jth element of XA/(BT,ZT) = Qc(FNHe™M (A Wy — Z/BT) and G, is the (j, h)th

element of QC(?T). Similarly, from 0; = g;1v1 + ... + ¢V, We obtain

Z g5 E(vy) + 30y Z Z G — 305 Z jn

h=1 I=1

=K Z thao + 30y Z Z qthjz (4.20)

h=1 I=1

Summing E(9 ) over j and solving for k, we obtain

. Z?:1E(f’ ) — 30, Z] 12 het 2 1thqu (4.21)

Zg 12}1 lq]h

Thus, we can consider the following sample counterpart of this equation as a consistent

estimator for «:

~4 ~2 ~2
~_ 2 =1 V) — 3™ D i1 2ot 2ot Gn

k= 74 P
' Zj:l ZZ=1 d;p

(4.22)

4.2 Estimation under heteroskedasticity

Recall that D((y) = e™Me®W  D(¢))Y = e™Mp+ V, T(1y) = e®MWe ™M and V (B, () =

Qc(m)V. Let V= ‘7(50, (o) and TI(TO) = Diag (T/(TO)Qc(TO)) Diag (Qc(TO))_l. Also, note
that tr(AB) = tr(ADiag(B)) for a diagonal matrix A and any conformable matrix B. We

will use this fact to adjust the score functions. Under Assumption [§) the « element of
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E (5¢(6p)) can be determined as

B (Ve W' e V) =B (YD (G)T (70)Qclro)V ) = tr (3T (1) Qo (mo))

v
— tr (z Diag (T’ (T())QC(TO)>> — tr (2 Diag (T/ (TO)QC(TO)> Diag (Qc(10)) Qc(To))

—/

— tr (zT/(TO)QC(TOD —E (Y D'(¢)T (TO>QC(TO)v) . (4.23)
In , subtracting the last element from the second element yields
E (YD ()T ()Qe(m)V) B (YD ()T () Qc(m)V ) = 0.

— E(Y'D'(G) (T'() = T'(m)) Qelmo)V ) = 0. (4.24)

We suggest using the sample counterpart of (4.24)) as the adjusted robust score function for

the o element:
~Y'D'(Q) (T'(r) = T'(1) V(5,0) (4.25)

Let @4(7'0) = Diag (Q4(19)) Diag (QC(TO))fl, where Q4 (1) = Qc(10) M Qc(70). Then, apply-
ing similar steps to the 7 element of E (5¢(6y)) yields

E(V'MV) =B (V'Qo(m)MQc(r)V) = tr (SQu(m)) = tr (% Diag(Qu(70)))

= tr (Z Diag (Q4(70)) Diag (QC(TO))_l Qc(TO)) =E (V/ Q4(TO)QC(TO)V) . (4.26)
Subtracting the last element from the second element in (4.26) yields

E (V' Qo(m)MQc(r)V) — E (V'Qu(m)Qc(m)V ) =0,

= E (V/ (Q4(T0) — @4(7’0)) Qc(To)V> =0,
= K ((eO‘OWY — ZBO)IGTOM/ (Q4(7'0) — @4(7'0)) Qc(To)V) =0 (427)

Based on (4.27]), we suggest using the following adjusted robust score function with respect

to 7:

—(e®Y — ZB) e™ (Qu(r) — Qu(7)) V(B,0). (4.28)
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Combining (4.25)) and (4.28)), we suggest the following robust versions of the score functions

for consistent estimation under Assumption [§}

B: Z(T)V(B,Q),
S18.0 =a: =YD (T'()-T') V(8,0 (4.29)
T —(e"Y — Zﬁ), ™™’ (Qu(7) — Qu(7)) V(B,0).

Note that from (4.23)), we have +E (Y’eaoWIW/eToM/f/> = +tr (ST (10)Qc(m0)) = ~tr (ST (7o) —
+Ltr (2T (10) Po(70)) = O(1) + O(1/ min{ny, ..., ng}) = O(1) by Lemma A.7 in the web ap-
pendix. If M and W are commutative, then tr (ZT’ (7’0)) = 0, which yields %E (Y’eaoWIW/ e M7
O(1/ min{ny,...,ng}). Also, from (4.26)), we have the following: +E (V’MV) = +tr (2Q4(0))
Str (S Po(10) M Pe(19)) — wtr (SM Po(m)) — ~tr (SPe(r0)M) = O(1/ min{n,, ..., ng}) by

Lemma A.7 in the web appendix. These results indicate that the necessary condition

N———

plimy_, %SC(QO) = 0 can only holds if W and M are commutative and all group sizes
are large. To ensure that plimy_,, +.5¢(fp) = 0 holds in all cases, we suggest using S*(3, ()
for estimation.

To derive the robust M-estimator from (4.29)), we can similarly first solve for 3 for a given
¢ from the score function with respect to 3, which is the same as :

B0 =810 = (2 Qe(m)e™z) " 2™ Qolr)eMe ™y, (4.30)

Then, substituting /BI(C ) into the o and 7 elements of S*(53,(), we obtain the concentrated

robust score functions:

ar —Y'DQ(T'(0)-T0))V(©,
5ie(¢) = ( N ) o (431)
ri = (Y = ZB(Q) e (Qulr) — L) V(0.
where V(¢) = V(EI(C), ¢). Then, we define the RME Zi of ¢y by Zi = argsolve{S¥(¢) = 0}.
From , we can define the RME Bi = Ei(fi) of fy.
Let S*(8,¢) = E (Si(ﬁ ,C )) be the population counterpart of the robust score functions.

For a given ¢ value, we can derive the estimator 5*(¢) = B*(¢) in (#.11)), which can be
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substituted into the o and 7 elements of S*(3,¢) to obtain:

a: E(Y'D(Q (T -TM) V),

5(¢) = IR o
o B (VY - ZBHQ) e (Qulr) - D) T(Q).

(4.32)

where V(¢) = V(5*((),¢). Let w = (5,¢) and & = (BII,ZI/)/. To show that & is a

consistent estimator of wy, we need the following identification assumption.

Assumption 12. infe. g )0 Hgic((’)” > 0 for every ¥ > 0, where d((,(y) is a measure of

distance between ¢ and (.
The following theorem shows that &* is a consistent estimator of wy.
Theorem 4.4. Under Assumptions @ EL @ and as N — oo, we have & —2— wy.

Proof. See Section C.4 in the web appendix. m

Recall that V (6o, ) = Qc(m)V and Y = e~W ((b + e_ToMV). By substituting these
two terms into S*(wp), we have can express S*(wp) in terms of linear and quadratic forms of

V:
B:Z (1)V,
SHwy) =< a: —gf)/eToM/ (T’ (10) — TI(T(])) Qolr)V =V (T,(To) — T/(T0)> Qc(m0)V,

T: —)\;)C/(To) (Q4(7'0) - @4(70)) QC(TO)V -V (Q4(To) - Q4(7'0)) QC(TO)V-
(4.33)

Then, the asymptotic normality of \/LNS:[ (wo) follows from the CLT in Lemma A.4 in the

web appendix. The next theorem shows the asymptotic distribution of ot

Theorem 4.5. Under Assumptions[3, [4 [8 [10 and[13, as n — oo,

VN (@i —cuO) 4N <0, lim xpi-l(wo)m(wo)qﬂ—l’(wo)>, (4.34)
—00
where ¥ (wy) = —x E <%) and Q¥ wy) = Var (\/LﬁSi(wOD are assumed to exist and

UH(wy) is assumed to be positive definite for sufficiently large N.

Proof. See Section C.5 in the web appendix. m
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i
We can use HY (@) = Jbaiw” + to estimate U¥(wy). Let Hﬁb(w) = —%%b(,w) for

a,b € {p,a,7}. Then, we determine the elements of H*(w) in the following.

NHy(w) = Z(1)Z(1), NHj,(w)=~Z(1)Y((), NHj (w)=—Z(1)M*V(5,¢),
(

NHL(w) = =Y'D'(Q) (') - T'()) 2(7),

NH () =Y'W'D'(Q) (T'(r) - T+ >) V(8,0 +Y'D'(Q(T'(r) - T'(7) Y (0),

VL) =Y D) (M (T0) =T ) +17'0) - T )+ (T~ T') B) ) 7(5.0)
NHly(w) = =V'(5,¢) (Qm Qi(r >) Mz — (MY = 28) M (Qulr) - Qulr) Z(7).

NH (w) = Y'W'D'(¢) (Qu(r) = Dua(r)) V(B,0) + (VY — ZB) ™ (Qu(7) — Qu(7)) Y(C),
NH} (w) = (eY — Zﬁ)/ e’ (Ml (Qu(7) — Qu(7)) + Qu(r) — Qu(r) + (Qa(7) — Qu(r)) B(T)> v,

where T () = Ding (T (1)Qe(r) + T'(r)Qc(r)) Ding (Qe(r)) ' ~T(r) Diag (@ (r) ) Ding (Qc(r) ™
T'(7) = T'(r)M'=M'T (), Qu(r) = Diag (Qu(r)) Diag (Qc(7)) "~ Qu(r) Diag (Qo(7) ) Diag (Qc(r) ™",
(1) = Qe(T)MQo(1) +Qc(T)MQo(7) and Qo(r) = —(Qo(T) M P (1) + Po(T)M ' Qo(7)).
As shown in the proof of Theorem H*(&*) is a consistent estimator of W¥(wy).

For Q¥(wp), we first derive its closed-form expression using Lemma A.2 in the web ap-

pendix:
N wn) = N (o), o), 9 (o)
= (Z2@)22(m), 7 (W) ST(m)e™ s, —Z ()2Q(m)C(m)0)
N, (wo) = ¢ ™ T (1) T ( ).
NOi, (wn) = 6'e™ T (19)20(m)C(r0) o + tx (XT(70)2Q" () )

N (w0) = 2C' (7)€ (1) ZQ(m)C () o + tr (£Q(1)£Q" ()

D)Mo+ tr (ST(70) ST (o

where T(75) = Qo) (T(r0) = T(m)) and Q(0) = Qe(ro) (Q(r0) = Qi(0)). For conve-
nience of exposition, let us write QF(wg) as O (wg, Ao, X). Let X(Bi,zi), and QF (&, Xi, Y) be
the plug-in estimator of O*(wy) given ¥. This plug-in estimator has bias as shown in the

following following theorem.

Theorem 4.6. Under Assumptions|[3, [4, [8 [10 and |13, we have
OHGE AL D) = QF(wp, Ao, X) + Biask (1o, ) + 0,(1),
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where Bias\ (10, %) is an (k + 2) x (k + 2) matriz given as

Ok xk Okx1 Okx1
Biash (70, %) = | 0144 Biasijm(To,E) Biasi,m(To,E) ;
Orxr Biash (70,%) Bias (1, %)

with

=/

. 1 =
Bias}, (70, 3) = v (SPe(ro)T (70) ST (7o) Pe(ro) )

Bias{ o, (70, %) = Bias} (70, %) = :tr (SPe(70)Q ()57 (7o) Po(m) )

=/

Biast (0, 5) = %tr (SPe(m)@ (70)58(m) Po(ro) )

Proof. See Section C.6 in the web appendix. m

Using Lemma A.7 in the web appendix, we can show that Bias) (75, £) = O(1/ min{n,, ..., ng}).
As in the case of homoskedastic setting, the bias becomes negligible if all group sizes are
large. However, in settings with some fixed group sizes, the bias correction is necessary
for valid inference. It is clear that the plug-in estimator of QF(wg, Ao, ¥) also requires con-
sistent estimators for the terms involving ¥. Since V. = V(fB,¢) = Qc(m0)V, we have
E(VoV)=(Qc(n) ®Qa(r)) (02,...,02), where ® denotes the Hadamard product. This

implies an estimator for (o7,...,02) as
@50 = (Y © Q) (VoD (4.35)

where A~ denotes the generalized inverse of A and V = V(Bi,zi) = Qc(FHe M (8 Wy —
ZBi). Note that elements of QF(wy) takes forms of either tr(3C) or tr(XAX.B). In the next

theorem, we show the effect of replacing the unknown ¥ by & = Diag(53,...,52) in tr(2C)
and tr(XAXB).

Theorem 4.7. Assume II(7) = (Qc(7) © Qe (7)) ™" exists for T in a neighborhood of 7y and is
bounded in row and column sum norms. Let A and B be two n X n matrices that are bounded
i row and column sum norms with zero diagonal elements. Let C' be an n X n matriz that

has uniformly bounded diagonal elements. Then,
(i) Ltr (ic) — Lt (2C) = 0,(1),

(ii) Ltr (iAiB) — Ltr (SASB) — 2tr (A B)(0)A(S)(1)) = 0,(1),
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where A(X) = (Qc(10)XQc(70)) © (Qc(10)XQc(m0)).
Proof. See Section C.7 in the web appendix. m

Our results in Theorems and suggest that the bias corrected estimator of Q*(wy)

is given by
O = QHeL N, S) - Biask (74, 8) - BiasL (7, 3). (4.36)

The first term Biasi(?i,i) is the plug-in estimator of Biasi(To, Y)) given in Theorem 4.6.
The second term Biash (77, f]) arises because of replacing ¥ with & and is an (k4+2) x (k+2)

matrix given as

Ok Orx1 Orx1
Biast,(7#, %) = | 01x, Biash,,(7,%) Biast . (7, 2) |,
O1xx Biast (75 %) Biash . (7%,%)

5 Simulations

In this section, we investigate the finite sample properties of our proposed estimation and
inference methodologies through an extensive simulation study. The data generating process

takes the following form:
Y, = e " (X1, 810 + XorBoo + Wi X1, 830 + WiXorBao + Aol + € ™M V), (5.1)

forr =1,2,..., R, where X;, and Xy, are the n, x 1 vectors of observed characteristics whose
elements are independently generated from the uniform distribution U(1,5). The associated
parameters are set to (Bio, 20, B30, fa0) = (1.2,0.6,—0.4,0.1)". For the endogenous and
correlated effects, we consider oy € {—2,0,2} and 79 € {—1,0,1}. We generate the group

fixed effects, A\.¢’s, independently from the standard normal distribution.
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We set R = 30 and allow n, to vary across these 30 groups by randomly assigning a
value from the set of integers 15, 16, ..., 20 to each group size. Therefore, the total number
of observations can vary between 450 and 600. Following Liu and Lee (2010]), we generate
W, in two steps. First, we draw an integer value 1;. uniformly from the set 1,2,3,4,5.
Then, if ¥;. + i < n,, the (i + 1)th, ..., (i + ¥;)th elements of the ith row of W, are set
to one, and the rest of the elements in the ith row are set to zero. On the other hand, if
Vi +1 > n,., the first (J;. 4+ —n,.) entries of the ith row are set to one, and the others are set
to zero. We row-normalize W, generated in this way and set W = Blkdiag(Wl, ceey WR). We
generate M = Blkdiag(]\/[l, oM R) using the same method but a different random number
generator, ensuring that M # W.

We specify the disturbance terms as v;,. = w;.€;., where w;,.’s are the variance terms and
g;,’s are independent and identically distributed random variables with a mean of 0 and a
variance of 1. We consider three cases for the distribution of ¢;: (i) €;, ~ N(0,1), (ii)
gir ~ Gamma(2, 1), where Gamma(a, b) is the standardized gamma distribution with shape
and scale parameters a and b, and (iii) &; ~ x3, where x? is the standardized chi-squared
distribution with v degrees of freedom.

In the homoskedastic case, we set w;. = 1 in all scenarios. In the heteroskedastic case, we
consider three scenarios for w;,. In the first scenario (Case 1), if the number of peers for the
1th entity in the rth group is smaller than or equal to the average number of peers in that
group, w;, is set to the number of peers. Otherwise, it is set to the square of the inverse of the
number of peers. Thus, this scenario allows heteroskedasticity to vary across ¢ and r. In the
second scenario (Case 2), if the group size for the rth group is greater than the average group
size in the sample, w;, is set to the group size. Otherwise, it is set to the square of the inverse
of the group size. Therefore, heteroskedasticity varies across groups but does not vary within
a group. In the last scenario (Case 3), we set w;, t0 1, (| X140 [+ Xoir|)/ D257, (| X0 |+ X250 ]),
allowing heteroskedasticity to vary across ¢ and r. In all heteroskedastic scenarios, we only
consider g; ~ N(0, 1).

We set the number of repetitions to 1000 in all cases. We report bias, empirical standard
deviation, average estimated asymptotic standard error, and empirical coverage ratio (at
the 5% significance level). We present all simulation results in 16 tables. We consider the
simulation results in Tables and leave the rest to Section D in the web appendix. We

summarize the salient features of the simulation results below.

1. Table [I| presents the simulation results for the QMLE of «p, 79, and (19 under ho-
moskedasticity. The first, second, and third panels illustrate the performance of a,
7, and Bl, respectively. The QMLE reports negligible bias for all parameters, and its

performance does not depend on the type of error distributions. The average estimated
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asymptotic standard errors closely match the corresponding empirical standard devia-
tions in all cases. Consequently, the empirical coverage ratios are close to the nominal
value of 95% in all cases. Our results also show that the QMLE performs satisfactorily
for Py, B3 and B4 (see Table D.1 in the web appendix). The simulation results for
the heteroskedastic cases are presented in Tables D.2 and D.3 in the web appendix.
These results reveal that although the QMLE performs satisfactorily in terms of bias,
it reports empirical coverage rates that are significantly below 95%, especially in the
case of ag and 7y. Overall, consistent with our theoretical results, the QMLE performs
satisfactorily under homoskedasticity. However, under heteroskedasticity, it may re-
port smaller estimated asymptotic standard errors than the corresponding empirical

standard deviations.

. Table [2| presents the simulation results for the RME based on the transformation ap-
proach under heteroskedasticity. Overall, these results show that the RME performs
satisfactorily for ag, 79, and (¢ in all cases, except for some instances in the first
two panels, where the empirical coverage rates fall slightly below 95% level. Its per-
formance for fsg, B30, and Py is excellent (see Table D.6 in the web appendix). We
also investigate the performance of the RME under the homoskedastic cases, and these
results are presented in Tables D.4 and D.5 in the web appendix. These results also

indicate that the RME performs satisfactorily.

. The simulation results for the ME based on the direct approach under homoskedasticity
are presented in Table 3| In terms of bias, the ME performs satisfactorily in all cases.
It reports empirical coverage rates that are close to the nominal value of 95% in all
cases. Its performance for [y, B30 and By is excellent as can be seen from the results in
Table D.7 in the web appendix. The simulation results for the heteroskedastic cases are
presented in Tables D.8 and D.9 in the web appendix. These results indicate that its
performance in terms of bias is not affected by heteroskedasticity. However, it reports

empirical coverage rates significantly below the 95% nominal level in the cases of ag
and 7y (see Table D.8).

. Finally, we consider the simulation results for the RME based on the direct approach.
The results in Table [] demonstrate that this estimator performs satisfactorily under
all heteroskedastic cases. Its performance for By, B39, and (4 under heteroskedasticity
is evident from the simulation results presented in Table D.12 in the web appendix,
which also show satisfactory performance. The simulation results for the homoskedastic
cases are displayed in Tables D.10 and D.11 in the web appendix. Overall, these results

indicate that the RME performs well in all homoskedastic cases as well.
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Table 1: Transformation approach: The QMLE results for a, 7 and Bl under homoskedasticity

Normal Gamma Chi-squared

7'0:—1 7'0:0 7'0:1 7'0:*1 7'0:0 7'0:1 7'0:*1 7'0:0 7'0:1

Results for a

oy = —2 0.0070 0.0013 0.0015 0.0019 0.0032 —0.0003 0.0054 0.0030 0.0025
0.0585  0.0651 0.0393  0.0602  0.0688  0.0402  0.0577  0.0675  0.0377
0.0576  0.0653  0.0377  0.0575  0.06556  0.0386  0.0575  0.0654  0.0385
0.939 0.947 0.938 0.934 0.938 0.949 0.945 0.943 0.958

oy =0 0.0041 0.0056 —0.0005 0.0033 0.0015 0.0011 0.0057  0.0060 0.0040
0.0594 0.0678  0.0378  0.0566  0.0681 0.0395  0.0584  0.0703  0.0412
0.0575  0.0657  0.0376  0.0574 0.0653  0.0385  0.0576  0.0656  0.0385
0.942 0.937 0.951 0.953 0.937 0.943 0.934 0.932 0.934

o =2 0.0043 0.0066 0.0000 0.0046 0.0004 0.0028 0.0032 0.0058 0.0013
0.0566  0.0694 0.0386  0.0589  0.0649  0.0386  0.0610  0.0695  0.0405
0.0575  0.0655  0.0377  0.0576  0.0654 0.0386  0.0575  0.0656  0.0385
0.955 0.928 0.941 0.943 0.948 0.956 0.932 0.938 0.936

Results for 7

o= —2 —0.0120 0.0034  0.0097 —0.0060 —0.0011 0.0098 —0.0120 0.0012  0.0063
0.0758  0.0758  0.0644  0.0728  0.0756  0.0662  0.0780  0.0756  0.0666
0.0731  0.0729  0.0638  0.0730  0.0731 0.0643  0.0730  0.0731  0.0642
0.935 0.939 0.938 0.949 0.947 0.933 0.924 0.943 0.938

oy =0 —0.0081 0.0007  0.0130 —0.0090 0.0004  0.0095 —0.0085 —0.0028 0.0059
0.0776  0.0746  0.0656  0.0758  0.0739  0.0684  0.0759  0.0782  0.0674
0.0730  0.0731  0.0637  0.0730  0.0751 0.0643  0.0730  0.0732  0.0642
0.933 0.949 0.945 0.934 0.948 0.936 0.941 0.947 0.940

oy =2 —0.0101 0.0027  0.0081 —0.0051 0.0008 0.0079 —0.0081 —0.0026 0.0054
0.0737  0.0750  0.0666  0.0756  0.0735  0.0654  0.0781  0.0762  0.0656
0.0730  0.0730  0.0638  0.0730  0.0751 0.0643  0.0730  0.0732  0.0642
0.952 0.944 0.942 0.940 0.946 0.952 0.919 0.937 0.942

Results for Bl

oy = —2 0.0000 —0.0005 0.0005 0.0004 0.0002 —0.0017 0.0000 —0.0006 0.0001
0.0283  0.0320  0.0276  0.0269  0.0311 0.0274 0.0277  0.0318  0.0277
0.0274 0.0316  0.0273  0.0273  0.03815  0.0272  0.0274 0.0315  0.0274
0.942 0.942 0.949 0.958 0.950 0.946 0.943 0.947 0.948

oy =0 0.0012 0.0003 —0.0006 —0.0011 —0.0002 0.0005 —0.0001 0.0000 0.0009
0.0273  0.0524 0.0277  0.0284 0.0310  0.0274 0.0277  0.0534 0.0281
0.0274 0.0316  0.02753  0.0274 0.0315  0.0272  0.0274  0.0315  0.0273
0.949 0.939 0.952 0.939 0.953 0.940 0.949 0.934 0.937

o =2 —0.0001 0.0008 0.0007 —0.0004 —0.0001 —0.0011 0.0008 0.0008 —0.0018
0.0266  0.0322  0.0268  0.0283  0.0321 0.0277  0.0275  0.0318  0.0278
0.0274 0.0315  0.0273  0.0275  0.0316  0.0273  0.0275  0.0315  0.0274
0.957 0.946 0.964 0.943 0.949 0.944 0.939 0.938 0.942

Notes: In each («p, ) combination, the first row gives the bias, the second row the empirical standard
deviation, the third row the average asymptotic standard error, and the last row the 95% empirical
coverage rate.
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Table 2: Transformation approach: The RME results for a, 7 and Bl under heteroskedasticity
Case 1 Case 2 Case 3

Toz—l T(]:O 7'0:1 7'0:—1 7'():0 T():l T():—l T():O T():l

Results for a

o= —2 —0.0013 —-0.0012 0.0017  0.0026 0.0032 0.0001 0.0003  0.0036  0.0016
0.0692  0.0926  0.0627  0.0953  0.1161 0.0798  0.0652  0.0837  0.0564
0.0681  0.0870  0.0551 0.0873  0.1108  0.0728  0.0619  0.0772  0.0522
0.949 0.933 0.923 0.929 0.944 0.929 0.935 0.924 0.935

oy =10 —0.0032 0.0047 —0.0023 0.0033 —0.0049 0.0022  0.0018  0.0000 —0.0017
0.0681  0.0894  0.0574  0.0911 0.1145  0.0829  0.0646  0.0813  0.0565
0.0684  0.0869  0.0543  0.0880  0.1104  0.0784  0.0617  0.0769  0.0523
0.953 0.944 0.936 0.947 0.934 0.921 0.937 0.936 0.929

oy =2 —0.0034 —0.0006 0.0017  0.0032 —0.0015 0.0042  0.0016 —0.0011 0.0040
0.0683  0.0888  0.0588  0.0918  0.1120  0.0755  0.0634  0.0808  0.0570
0.0689  0.0869  0.0559  0.0878  0.1099  0.0738  0.0617  0.0777  0.0522
0.956 0.948 0.933 0.930 0.929 0.940 0.941 0.937 0.922

Results for 7

oy = —2 —0.0050 0.0038 0.0126 —0.0050 0.0003 0.0140 —0.0058 0.0015 0.0101
0.0913  0.0955  0.0913  0.1077  0.1133  0.1039  0.0794  0.0838  0.0768
0.0875  0.0921 0.0855  0.1026  0.1074 0.0961 0.0767  0.0793  0.0742
0.949 0.934 0.929 0.943 0.933 0.910 0.944 0.932 0.943

oy =0 —0.0020 0.0023 0.0112 —0.0070 0.0042 0.0141 —0.0059 0.0013 0.0123
0.0919  0.0980  0.0923  0.1066  0.1122  0.1065  0.0773  0.0890  0.0776
0.0876  0.0918  0.0857  0.1026 ~ 0.1069  0.0970  0.0768  0.0794  0.0738
0.936 0.931 0.933 0.941 0.937 0.923 0.950 0.908 0.935

oy =2 —0.0040 0.0043 0.0140 —0.0059 0.0043 0.0094 —0.0022 0.0060 0.0081
0.0901 0.0970  0.0907  0.1104 0.11532  0.1047  0.0802  0.0832  0.0780
0.0881 0.0918  0.0865  0.1027  0.1069  0.0966  0.0770  0.0790  0.0742
0.950 0.918 0.931 0.922 0.929 0.921 0.950 0.927 0.925

Results for Bl

ay = —2 —0.0004 —0.0007 0.0008 —0.0003 0.0010 0.0000 —0.0003 0.0015 —0.0005
0.0295  0.0337  0.0279  0.0277  0.0340  0.0297  0.0314  0.0398  0.0323
0.0279  0.0320  0.0271 0.0275  0.0320  0.0286  0.0306  0.0377  0.0314
0.940 0.933 0.940 0.944 0.943 0.939 0.941 0.930 0.939
ap =0 0.0006 —0.0007 0.0010 —0.0018 —0.0009 —0.0006 0.0003 —0.0004 —0.0012
0.0288  0.0330  0.0277  0.0283  0.0327  0.0501 0.0331 0.0413  0.0329
0.0278  0.0319  0.0272  0.0275  0.0319  0.0285  0.0306  0.0374 0.0312
0.939 0.944 0.955 0.942 0.940 0.940 0.936 0.931 0.936
ay =2 —0.0018 —0.0001 —0.0007 0.0007 0.0002 —0.0002 0.0001 0.0005 0.0009
0.0291 0.0322  0.0287  0.0288  0.0848  0.0298  0.0322  0.0386  0.0329
0.0279  0.0320  0.0274 0.0277  0.0521 0.0287  0.0306  0.0373  0.0313
0.938 0.950 0.939 0.942 0.928 0.952 0.935 0.944 0.940
Notes: In each (ag, 7p) combination, the first row gives the bias, the second row the empirical standard

deviation, the third row the average asymptotic standard error, and the last row the 95% empirical
coverage rate.
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Table 3: Direct approach: The ME results for a, 7 and 31 under homoskedasticity

Normal Gamma Chi-squared

T():—l T(]:O 7'0:1 7'0:—1 7'():0 T():l T():—l T():O T():l

Results for a

o = —2 0.0069 0.0018 0.0012 0.0017  0.0032 —0.0020 0.0054  0.0034  0.0017
0.0586  0.0654  0.0516  0.0603  0.0696  0.05638  0.0576  0.0685  0.0523
0.0595  0.0674  0.0521 0.0588  0.0671 0.0528  0.0595  0.0676  0.0529
0.947 0.950 0.949 0.943 0.934 0.942 0.945 0.943 0.946

oy =0 0.0041 0.0056 0.0001 0.0034  0.0015 0.0007  0.0054  0.0057  0.0041
0.0595  0.0680  0.0529  0.0569  0.0684  0.0520  0.0588  0.0703  0.0546
0.0597  0.0674  0.0528  0.0589  0.0673  0.0526  0.0601  0.0677  0.0532
0.949 0.940 0.947 0.953 0.936 0.953 0.945 0.940 0.943

oy =2 0.0042 0.0069 0.0011 0.0047  0.0005 0.0035  0.0031 0.0062 —0.0005
0.0570  0.0702  0.0538  0.0590  0.0650  0.0512  0.0610  0.0698  0.0527
0.0596  0.0683  0.0524  0.0600  0.0672  0.0529  0.0595  0.0676  0.0526
0.951 0.932 0.943 0.940 0.959 0.965 0.941 0.931 0.950

Results for 7

oy = —2 —0.0118 0.0033 0.0085 —0.0053 —0.0009 0.0101 —0.0118 0.0014 0.0054
0.0759  0.0758  0.0673  0.0730  0.0750  0.0701 0.0782  0.0762  0.0698
0.0756  0.0752  0.0696  0.0748  0.0753  0.0704 0.0754  0.0756  0.0703
0.944 0.943 0.958 0.951 0.943 0.942 0.926 0.948 0.950

oy =0 —0.0079 0.0010 0.0109 —0.0086 0.0010 0.0080 —0.0081 —0.0020 0.0042
0.07176  0.0747  0.0713  0.0759  0.0742  0.0718  0.0762  0.0785  0.0707
0.0756  0.0760  0.0701 0.0748  0.0755  0.0700  0.0756  0.0759  0.0706
0.939 0.958 0.949 0.943 0.955 0.941 0.947 0.934 0.947

oy =2 —0.0097 0.0027  0.0056 —0.0048 0.0019 0.0056 —0.0077 —0.0025 0.0047
0.074,0  0.0756  0.0730  0.0755  0.0735  0.0686  0.0782  0.0760  0.0685
0.0754 0.0761 0.0698  0.0754 0.0756  0.0698  0.0755  0.0753  0.0701
0.949 0.948 0.929 0.949 0.949 0.949 0.932 0.946 0.953

Results for Bl

o = —2 0.0000 —0.0005 0.0005 0.0004  0.0002 —0.0017 0.0000 —0.0006 0.0002
0.0283  0.0320  0.0278  0.0269  0.0311 0.0276  0.0277  0.0318  0.0276
0.0275  0.0317  0.0276  0.0278  0.0316  0.0275  0.0275  0.0316  0.0275
0.943 0.939 0.950 0.957 0.955 0.940 0.952 0.946 0.946

oy =10 0.0012 0.0003 —0.0006 —0.0011 —0.0002 0.0006 —0.0001 0.0000  0.0009
0.0273  0.0324  0.0279  0.0284  0.0311 0.0276  0.0277  0.0334  0.0284
0.0276  0.0317  0.0276  0.0274  0.0316  0.0275  0.0275  0.0316  0.0276
0.943 0.941 0.951 0.942 0.955 0.942 0.949 0.937 0.940

oy =2 —0.0001 0.0008 0.0009 —0.0004 —0.0001 —0.0009 0.0008  0.0008 —0.0018
0.0266  0.0322  0.0269  0.0283  0.0321 0.0278  0.0275  0.0318  0.0279
0.0276  0.0317  0.0276  0.0277  0.0318  0.0275  0.0276  0.0316  0.0277
0.959 0.944 0.967 0.939 0.946 0.942 0.946 0.942 0.933

Notes: In each (ag, 7p) combination, the first row gives the bias, the second row the empirical standard
deviation, the third row the average asymptotic standard error, and the last row the 95% empirical
coverage rate.
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Table 4: Direct approach: The RME results for a, 7 and Bl under heteroskedasticity

Case 1 Case 2 Case 3
T():—l T(]:O 7'0:1 7'0:—1 7'():0 T():l T():—l T():O T():l
Results for o
ag = —2 0.0033 0.0046 0.0021 0.0077 0.0082 0.0005 0.0023 0.0013 0.0026
0.0717  0.0828 0.0546  0.0782 0.0860 0.0602 0.0588  0.0717  0.0509
0.0713  0.0829 0.0544 0.0762 0.0845 0.0571 0.0588  0.0677  0.0530
0.941 0.956 0.947 0.924 0.942 0.929 0.951 0.929 0.955
ag=0 0.0026 0.0026 0.0052 0.0056 0.0053 0.0039 0.0037 0.0005 —0.0016
0.0735  0.0858 0.0566  0.0768 0.0832 0.0589 0.0595  0.0672  0.0533
0.0709 0.0824 0.0549 0.0760 0.0824 0.0572 0.058/ 0.0674 0.0525
0.933 0.939 0.951 0.935 0.940 0.948 0.942 0.932 0.943
ag =2 —0.0032 0.0056 0.0009 0.0079 0.0087 0.0056 0.0032 0.0055 0.0023
0.0699 0.0810 0.0546  0.0779 0.0829 0.0602 0.058/ 0.0686  0.0525
0.0718 0.0829 0.0549 0.0763  0.0830 0.0575 0.0586  0.0675  0.0527
0.946 0.949 0.941 0.931 0.947 0.946 0.940 0.937 0.957
Results for 7
ag = —2 —0.0055 0.0007 0.0105 —0.0104 —0.0042 0.0093 —0.0085 0.0026 0.0078
0.0968 0.0948 0.0852 0.1027  0.0969 0.0859 0.0753  0.0738  0.0687
0.0898 0.0912 0.0844 0.0978 0.0974 0.0868 0.0759  0.0767  0.0709
0.924 0.927 0.943 0.936 0.946 0.945 0.941 0.953 0.951
ag =0 —0.0073 0.0011 0.0033 —0.0065 —0.0012 0.0080 —0.0079 0.0036 0.0115
0.0938 0.0958 0.0866  0.0975  0.0969 0.0881 0.0727  0.0758  0.0707
0.0898 0.0916  0.0844 0.0967  0.0963 0.0871 0.0755  0.0767  0.0707
0.938 0.927 0.946 0.938 0.949 0.942 0.949 0.955 0.946
ag =2 —0.0038 0.0018 0.0113 —0.0107 —0.0044 0.0053 —0.0015 0.0020 0.0074
0.0942 0.0946  0.0814 0.0952 0.0941 0.0901 0.0761 0.0781 0.0706
0.0900 0.0911 0.0849 0.0969 0.0965 0.0875 0.0758  0.0765  0.0709
0.923 0.942 0.946 0.946 0.956 0.942 0.943 0.953 0.961
Results for Bl
ag = —2 0.0000 —0.0009 0.0007 —0.0001 0.0015 0.0001 —0.0006 0.0013 —0.0004
0.0298 0.0529 0.0286  0.0278 0.0341 0.0287  0.0314 0.0395  0.0316
0.0293  0.0330 0.0291 0.0287  0.0326  0.0281 0.0323  0.0390  0.0326
0.947 0.944 0.953 0.953 0.946 0.940 0.958 0.946 0.954
ag=10 0.0001 —0.0011 0.0012 —0.0015 —0.0005 0.0001 0.0000 —0.0004 —0.0008
0.0299 0.0335  0.0293  0.0292 0.0324 0.0283 0.0331 0.0414 0.0337
0.0292 0.0331 0.0291 0.0287  0.0825  0.0280 0.0323  0.0388  0.032/
0.935 0.941 0.946 0.944 0.948 0.945 0.942 0.944 0.929
ag =2 —0.0014 0.0007 —0.0006 0.0009 0.0006 —0.0003 0.0002 0.0006 0.0014
0.0289 0.0325  0.0295  0.0298 0.0344 0.0283 0.0332  0.0387  0.0330
0.0295  0.0330 0.0289 0.0288 0.0527  0.0281 0.0323  0.0886  0.0325
0.956 0.952 0.952 0.947 0.927 0.954 0.940 0.953 0.952

Notes: In each (ag, 7p) combination, the first row gives the bias, the second row the empirical standard
deviation, the third row the average asymptotic standard error, and the last row the 95% empirical

coverage rate.
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6 Application to the Add Health data

In this section, we use the Add Health data to study the effects of peers on academic achieve-
ment, participation in recreational activities, and smoking. The Add Health data sets were
collected in three waves from adolescents in grades 7 to 12 across 132 public and private
schools and include variables on demographic background, academic performance, health-
related behaviors, and friendship networks of participants. We use data from the first wave,
which is an in-school survey covering 90,000 students. Our first outcome variable is the
grade point average (GPA), computed from several subjects, including English or language
arts, history or social science, mathematics, and science. The second variable is an index of
participation in recreational activities, such as educational, artistic, and sports organizations
and clubs. As in Bramoullé et al. (2009), this variable takes values from 0 to 4: if the num-
ber of recreational activities a student participates in is fewer than 4, it reflects the actual
number of activities; if it is 4 or more, the value is capped at 4. The third outcome variable
is smoking, measured by the number of smoking days per month.

Following Lin (2010)), we formulate groups at the school-grade level, resulting in a total of
792 groups. The data include information on the five male and five female friends nominated
by each respondent. We use these friendship nominations to construct the network matrix.
Specifically, we set the (i, 7)th element of W, to 1 if the ith student in group r nominated
the jth student as a friend; otherwise, it is set to 0. We then set M, =W, forr =1,..., R.
We do not row-normalize W, because the parameter space of @ and 7 in our setting is not
constrained to any specific interval, allowing the model to have a reduced form. This feature
of our model contrasts with the spatial autoregressive network models considered in the
literature (Bramoullé et al., 2009, [2020; Hsieh and Lee, 2016; Lee, 2007; Lee et al., [2010;
Lin, 2010} 2015; Liu and Lee, 2010).

We consider the following explanatory variables (Boucher et al., |2024; Bramoullé et al.,
2009; Hsieh and Lee, [2016; Lin, 2010, 2015): age, gender dummy variable (female is the base
category), race dummy variables (white is the base category), a dummy variable indicating
whether the respondent lives with both parents, dummy variables for mother’s education
(high-school is the base category), a dummy variable indicating whether the mother is on
welfare, and the mother’s occupation (staying home is the base category). We consider the
same set of explanatory variables for the contextual variables. Due to missing observations
and computational constraints, we focus on a sample that includes groups with more than
11 students and fewer than 80 students.

The summary statistics for the entire sample and our final sample are presented in Table 5]

We observe that the first two sample moments of our final sample are close to those of the
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entire sample for most variables. The average GPA is around 2.91, the average participation
in recreational activities is 2.23, and the average number of smoking days per month is
approximately 3.34. In our sample, the mean age is 14.82; 48% are male, 24.5% are Black,
3.4% are Asian, 9.2% are Hispanic, and 6.4% are from other races. The percentage of
students living with both parents is 72%. We have four categories for mother’s education
level, with the high-school level being the base category: 10% of respondents’ mothers have
less than a high-school education, 40.8% have more than a high-school education, and 9.9%
of respondents’ mothers’ education is missing. The percentage of respondents whose mothers
are on welfare is around 11%. Finally, there are four categories for the mother’s occupation,
with staying home being the base category: 8.7% of respondents’ mothers’ occupations
information are missing, 25.4% of respondents’ mothers have professional jobs, and 35%
have other jobs[]]

For the three outcome variables, we estimate our model in only by the ME and
RME from the direct approach. Note that since the network matrices W, and M, are
not row-normalized, we can not use the QMLE and the RME from the transformation
approach. For each outcome variable, we also report a pseudo R? measure computed by
R =1-V V(Y = V) (Y = 7)), where V = &M (WY — 73 — O, ).

The estimation results for GPA are presented in Table @ The reported pseudo R? mea-
sures based on the ME and RME are 0.226 and 0.225, respectively. The estimates of a from
the ME and RME are —0.0110 and —0.0030, respectively, both statistically insignificant. In
contrast, the estimates of 7 are —0.0876 and —0.1024, respectively, and statistically signifi-
cant. These results suggest that, after controlling for own effects, contextual effects, group
fixed effects, correlation in unobserved factors, and heteroskedasticity in the error terms,
there is no statistical evidence that a student’s GPA is influenced by the sum of their peers’
GPAs. However, the statistically significant estimates of 7 indicate that unobserved factors
remain correlated, even after accounting for these controls.

The ME and RME provide similar estimates for both own and contextual effects. For
the own effects, the estimated coefficients for age and gender (male) are negative and sta-
tistically significant, indicating that older and male students tend to perform worse. The
estimated coefficients for the race categories are statistically significant for Black, Asian,
and Hispanic dummy variables. These estimates suggest that Black and Hispanic students
score lower than White students, while Asian students score higher. Both estimators report
positive and statistically significant coefficients for the dummy variable indicating whether

the respondent lives with both parents, suggesting that students living with both parents

4There are 15 occupation categories. Following Lin (2010), we combine these categories into four categories
along with the missing indicators.
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perform relatively better. Regarding the mother’s education dummy variables, both estima-
tors report negative and statistically significant estimates for students whose mothers have
less than a high school education, and positive, statistically significant estimates for those
whose mothers have education levels above high school. This suggests that students whose
mothers have less than a high school education tend to have lower GPAs, while those whose
mothers have more education tend to have higher GPAs. Both estimators report positive and
statistically significant estimates for the dummy variable indicating whether the respondent’s
mother is on welfare, suggesting that students with mothers on welfare tend to have higher
GPAs. Finally, for the mother’s occupation categories, both estimators report positive and
statistically significant estimates for the professional job category.

Regarding the contextual effects, both estimators report statistically significant estimates
for only two dummy variables: whether the respondent lives with both parents and whether
the respondent’s mother has less than a high school education. The estimated coefficient
for living with both parents is positive, while the coefficient for the mother’s education level
being less than high school is negative. These results suggest that students whose peers live
with both parents tend to have higher GPAs, while students whose peers’ mothers have less
than a high school education tend to have lower GPAs.

The estimation results on participating in recreational activities are presented in Table[7]
For this outcome variable, the reported pseudo R? measures based on the ME and RME
are 0.175 and 0.176, respectively. The estimates of the endogenous effect o are 0.0146
from the ME and 0.0228 from the RME. The first estimate is statistically insignificant,
while the second is significant only at the 10% significance level. On the other hand, both
estimators report negative and statistically significant estimates for 7. These results suggest
that, after controlling for own effects, contextual effects, group fixed effects, correlation in
unobserved factors, and heteroskedasticity in the error terms, there is no statistical evidence
for endogenous peer effects on participating in recreational activities. Based on a different
model specification, Bramoullé et al. (2009)) also report an estimate of the endogenous effect
that is only significant at the 10% significance level. On the other hand, the statistically
significant estimates of 7 indicate that unobserved factors affecting participation remain
correlated, even after accounting for these controls.

Among the own effects, the estimated coefficients for the following variables are statis-
tically significant: age, gender (male), mother’s education less than high school, mother’s
education more than high school, mother’s education level missing, and mother’s occupation
being professional. The coefficients for age and gender are both negative, indicating that
older and male students participate less in recreational activities. Additionally, students

whose mothers’ education level is missing or less than high school also participate less, while
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those whose mothers have more than a high school education participate more. Furthermore,
students whose mothers hold a professional occupation also participate more. Among the
contextual effects, the estimated coefficients for age and Black are the only ones statistically
significant. We observe that having older peers increases participation, while having Black
peers reduces participation.

The estimation results for smoking are presented in Table . The reported pseudo R?
measures based on the ME and RME are 0.175 and 0.175, respectively. The estimates for
both a and 7 reported by the ME and RME estimators are statistically significant. The
respective estimates for o are 0.1393 and 0.1253, while the estimates for 7 are —0.2416 and
—0.2274. These results provide statistical evidence of endogenous peer effects on smoking
behavior, as well as correlation of unobserved factors that influence smoking frequencies.

Among the own effects, the estimated coefficients for the age variable, Black dummy
variable, Hispanic dummy variable, the dummy variable indicating whether the respondent
lives with both parents, and the dummy variable for mother’s education less than high school
are statistically significant. Of these, the estimate for age is positive, while all others are
negative. Thus, smoking frequency increases with age. Black and Hispanic students smoke
relatively less than white students, and students whose mothers have less than a high school
education smoke less than those whose mothers have a high school education.

Among the contextual effects, the estimated coefficients for the Black dummy variable and
the dummy variable indicating whether the respondent lives with both parents are negative
and statistically significant. This suggests that having Black peers and peers who live with

both parents reduces smoking frequency.
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Table 5: Summary statistics

Original sample Final sample
Variable Mean SD Mean SD  Min Max
GPA 2.482 1.177 2911 0.763 0 4
Recreational activities 1.811 1.459 2.227 1.475 0 4
Smoking 3.904  9.328 3.344 8734 0 30
Age 15.023  1.700 14.820 1.904 10 19
Male 0.494  0.500 0.480 0.500 0O 1
Black 0.189  0.392 0.245 0.430 0 1
Asian 0.065  0.247 0.034 0.181 0 1
Hispanic 0.146  0.353 0.092 0.289 0 1
Other race 0.056  0.230 0.064 0.244 0 1
Live with both parents 0.725  0.447 0.720 0.449 O 1
Mom education less than HS 0.103  0.304 0.100 0.301 0 1
Mom education more than HS 0.404 0491 0.408 0.492 0 1
Mom education missing 0.113  0.316 0.099 0.299 0 1
Mom on welfare 0.009 0.093 0.011 0.105 0 1
Mom job missing 0.095  0.293 0.087 0.282 0 1
Mom on professional job 0.257 0437 0.254 0435 O 1
Mom on other job 0.355  0.478 0.350 0477 0 1
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Table 6: Estimation results on GPA

ME RME
e T o T
—0.0110 —0.0876*** —0.0030 —0.1024***
(.010) (.014) (.010) (.014)
Own Contextual Own Contextual
Age —0.1321%** —0.0032 —0.1309%** —0.0019
(.015) (.002) (.017) (.002)
Male —0.1129%*** —0.0022 —0.1134%*** —0.0031
(.020) (.013) (.020) (.012)
Black —0.0882** —0.0177 —0.0898** —0.0169
(.036) (.013) (.036) (.013)
Asian 0.1055%* 0.0435 0.1027** 0.0437*
(.056) (.028) (.052) (.026)
Hispanic —0.1407*** 0.0106 —0.1405%** 0.0085
(.041) (.022) (.046) (.022)
Other races —0.0151 —0.0220 —0.0146 —0.0189
(.040) (.026) (.042) (.028)
Both parents  0.1212***  0.0391*%**  0.1215%%*  (0.0409***
(.022) (.015) (.023) (.015)
Less HS —0.0957***  —0.0671*** —0.0953*** —0.0666***
(.033) (.023) (.036) (.025)
More HS 0.1242%** 0.0051 0.12317%%* 0.0071
(.023) (.014) (.023) (.013)
Edu miss —0.0203 —0.0231 —0.0199 —0.0212
(.033) (.024) (.035) (.024)
Welfare 0.1978** 0.0122 0.1984** 0.0129
(.088) (.075) (.079) (.083)
Job miss —0.0592 —0.0047 —0.0581 —0.0044
(.036) (.026) (.037) (.025)
Professional 0.0595** 0.0208 0.0604** 0.0215
(.027) (.018) (.027) (.017)
Other jobs 0.0164 0.0214 0.0167 0.0210
(.024) (.015) (.024) (.015)
Pseudo R? 0.226 0.225

Statistical significance at 1%, 5% and 10% levels are respectively denoted by

*
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Statistical significance at 1%, 5% and 10% levels are respectively denoted by

*

Table 7: Estimation results on recreational activities

ME RME
o T Q@ T
0.0146 —0.0338** 0.0228* —0.0440%**
(.014) (.017) (.012) (.015)
Own Contexual Own Contexual
Age —0.2110%**  0.0066**  —0.2107***  0.0075%**
(.029) (.003) (.030) (.003)
Male —0.2010***  —0.0264  —0.2011*** —0.0271
(.037) (.024) (.037) (.023)
Black 0.0292 —0.0595%* 0.0262 —0.0596**
(.065) (.027) (.066) (.028)
Asian 0.1719 —0.0253 0.1723 —0.0229
(.107) (.058) (.106) (.057)
Hispanic 0.0217 —0.0253 0.0199 —0.0252
(.081) (.046) (.085) (.047)
Other races —0.1001 0.0890* —0.0996 0.0867
(.079) (.049) (.078) (.052)
Both parents 0.0748* —0.0243 0.0751 —0.0201
(.043) (.029) (.045) (.030)
Less HS —0.2127*%*  —0.0045 —0.2130*** —0.0062
(.065) (.045) (.068) (.046)
More HS 0.2137%** 0.0212 0.2132%%*%* 0.0256
(.046) (.027) (.046) (.026)
Edu miss —0.2250%**  —0.0324  —0.2258*** —0.0345
(.066) (.047) (.068) (.047)
Welfare 0.1535 —0.0914 0.1533 —0.0886
(.176) (.157) (.193) (.165)
Job miss —0.0608 —0.0030 —0.0606 —0.0020
(.071) (.050) (.071) (.051)
Professional 0.1910%** 0.0187 0.1921%** 0.0228
(.054) (.035) (.053) (.033)
Other jobs 0.0430 0.0140 0.0434 0.0162
(.047) (.030) (.048) (.029)
Pseudo R? 0.175 0.176
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Table 8: Estimation results on smoking

ME RME
o T « T
0.1393*%**  —(0.2416***  (0.1253***  —(.2274***
(.030) (.029) (.040) (.041)
Own Contexual Own Contexual
Age 0.8507*** 0.0602** 0.8562%** 0.0514*
(.167) (.024) (.222) (.029)
Male —0.2097 —-0.1711 —0.2081 —0.1656
(.231) (.156) (.238) (.136)
Black —2.6739%F*  —0.5662**  —2.6753***  —0.4964**
(.421) (.247) (.429) (.245)
Asian —0.8330 —0.5100 —0.8271 —0.4860*
(.623) (.370) (.593) (.273)
Hispanic —1.3041*%**  —0.1839 —1.2929%* —0.1385
(.469) (.288) (.522) (.257)
Other races 0.1079 —0.0663 0.1157 —0.0581
(.484) (.329) (.549) (.295)
Both parents —1.2153***% —0.5759%** —1.2072%** —(.5522%**
(.263) (.189) (.282) (.195)
Less HS 1.2898%** 0.1930 1.2996*** 0.1993
(.391) (.282) (.478) (.291)
More HS 0.0195 0.0166 0.0285 0.0346
(.276) (.177) (.273) (.168)
Edu missing —0.0664 —0.1014 —0.0585 —0.0826
(.406) (.293) (.370) (.261)
Welfare —0.3750 —0.1072 —0.3720 —0.1170
(1.043) (.838) (1.002) (.651)
Job missing —0.1558 —0.0919 —0.1513 —0.0744
(.433) (.312) (.418) (.291)
Professional —0.2074 —0.0099 —0.2029 —0.0077
(.320) (.212) (.316) (.182)
Other jobs 0.0269 —0.1198 0.0336 —0.1188
(.283) (.187) (.296) (.170)
Pseudo R? 0.175 0.175

Statistical significance at 1%, 5% and 10% levels are respectively denoted by

*
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7 Conclusion

In this paper, we contributed to the peer effects literature by introducing a new model of
peer effects due to socially interacting agents. The MES network model accommodates the
endogenous effect, the contextual effects, heterogeneity across groups, the correlation in un-
observed characteristics of members, as well as an unknown form of heteroskedasticity. We
provided an underlying theoretical framework which yields the MES network model, and
proposed consistent estimation and inference methods for its parameters under both ho-
moskedastic and heteroskedastic cases. We proposed a transformation approach and a direct
approach for estimation where the latter does not require row normalization of network ma-
trices. In an extensive Monte Carlo study, we showed evidence for the satisfactory finite
sample performance of the proposed estimators. Moreover, in three different empirical ap-
plications using the well-known Add Health data set, we illustrated the use of MES network
model in identifying peer effects on academic success, recreational activities and smoking
frequency of adolescents. Finally, we note that the MES network model can be further ex-
tended to simultaneous modeling of peer effects and network formation (Goldsmith-Pinkham
and Imbens, 2013; Hsieh and Lee, [2016; Hsieh and Lin, [2021)). We leave this extension to a
future study.

46



References

Blume, Lawrence E., William A. Brock, Steven N. Durlauf, and Rajshri Jayaraman (2015).
“Linear Social Interactions Models”. In: Journal of Political Economy 123.2, pp. 444-496.

Boucher, Vincent, Michelle Rendall, Philip Ushchev, and Yves Zenou (2024). “Toward a
General Theory of Peer Effects”. In: Econometrica 92.2, pp. 543-565.

Bramoullé, Yann, Habiba Djebbari, and Bernard Fortin (2009). “Identification of peer effects
through social networks”. In: Journal of Econometrics 150.1, pp. 41 —55.

— (2020). “Peer Effects in Networks: A Survey”. In: Annual Review of Economics 12.1,
pp. 603-629.

Brock, William A. and Steven N. Durlauf (2001). “Discrete Choice with Social Interactions”.
In: The Review of Economic Studies 68.2, pp. 235-260.

Calvé-Armengol, Antoni, Eleonora Patacchini, and Yves Zenou (2009). “Peer Effects and
Social Networks in Education”. In: The Review of Economic Studies 76.4, pp. 1239-1267.

Chiu, Tom YM, Tom Leonard, and Kam-Wah Tsui (1996). “The matrix-logarithmic covari-
ance model”. In: Journal of the American Statistical Association 91.433, pp. 198-210.

Clark, Andrew E. and Youenn Lohéac (2007). ““It wasn’t me, it was them!” Social influence
in risky behavior by adolescents”. In: Journal of Health Economics 26.4, pp. 763-784.

Debarsy, Nicolas, Fei Jin, and Lung fei Lee (2015). “Large sample properties of the matrix
exponential spatial specification with an application to FDI”. In: Journal of Econometrics
188.1.

Fruehwirth, Jane Cooley (2014). “Can Achievement Peer Effect Estimates Inform Policy?
A View From Inside The Black Box”. In: The Review of Economics and Statistics 96.3,
pp. 514-523.

Goldsmith-Pinkham, Paul and Guido W. Imbens (2013). “Social Networks and the Identi-
fication of Peer Effects”. In: Journal of Business & FEconomic Statistics 31.3, pp. 253—
264.

Hsieh, Chih-Sheng and Lung Fei Lee (2016). “A Social Interactions Model with Endogenous
Friendship Formation and Selectivity”. In: Journal of Applied Econometrics 31.2, pp. 301—
319.

Hsieh, Chih-Sheng and Xu Lin (2021). “Social interactions and social preferences in social
networks”. In: Journal of Applied Econometrics 36.2, pp. 165-189.

Jennrich, Robert L. (1969). “Asymptotic Properties of Non-Linear Least Squares Estimators”.
In: The Annals of Mathematical Statistics 40.2, pp. 633-643.

Kelejian, Harry H. and Ingmar R. Prucha (2001). “On the Asymptotic Distribution of the
Moran I Test Statistic with Applications”. In: Journal of Econometrics 104.2, pp. 219—
257.

— (2010). “Specification and estimation of spatial autoregressive models with autoregressive
and heteroskedastic disturbances”. In: Journal of Econometrics 157, pp. 53-67.

Lee, Lung fei, Ji Li, and Xu Lin (2014). “Binary Choice Models With Social Network Under
Heterogeneous Rational Expectations”. In: The Review of Economics and Statistics 96.3,
pp. 402-417.

Lee, Lung-fei (2007). “Identification and estimation of econometric models with group inter-
actions, contextual factors and fixed effects”. In: Journal of Econometrics 140.2, pp. 333—
374.

47



Lee, Lung-fei, Xiaodong Liu, and Xu Lin (2010). “Specification and estimation of social
interaction models with network structures”. In: The Econometrics Journal 13, pp. 145—
176.

Lee, Lung-Fei, Xiaodong Liu, Eleonora Patacchini, and Yves Zenou (2021). “Who is the
Key Player? A Network Analysis of Juvenile Delinquency”. In: Journal of Business &
Economic Statistics 39.3, pp. 849-857.

Lee, Lung-fei and Jihai Yu (2010). “Estimation of spatial autoregressive panel data models
with fixed effects”. In: Journal of Econometrics 154.2, pp. 165—185.

LeSage, James and R Kelley Pace (2007). “A matrix exponential spatial specification”. In:
Journal of Econometrics 140.1, pp. 190-214.

LeSage, James and Robert K. Pace (2009). Introduction to Spatial Econometrics (Statistics:
A Series of Textbooks and Monographs. London: Chapman and Hall/CRC.

Lin, Xu (2010). “Identifying Peer Effects in Student Academic Achievement by Spatial Au-
toregressive Models with Group Unobservables”. In: Journal of Labor Economics 28.4,
pp. 825-860.

— (2015). “Utilizing spatial autoregressive models to identify peer effects among adoles-
cents”. In: Empirical Economics 49, pp. 929-960.

Liu, Xiaodong and Lung-fei Lee (2010). “GMM estimation of social interaction models with
centrality”. In: Journal of Econometrics 159.1, pp. 99 —115.

Manski, Charles F (1993). “Identification of endogenous social effects: The reflection prob-
lem”. In: The review of economic studies 60.3, pp. 531-542.

Moffitt, Robert A. (2001). “Policy interventions, low-level equilibria, and social interactions”.
In: Social Dynamics. Ed. by Steven N. Darlauf and H.Peyton Young. Cambridge, MA:
MIT Press.

Patacchini, Eleonora and Yves Zenou (2009). “Juvenile Delinquency and Conformism”. In:
The Journal of Law, Economics, and Organization 28.1, pp. 1-31.

van der Vaart, A. W. (1998). Asymptotic Statistics. Cambridge UK: Cambridge university
press.

White, Halbert G. (1980). “A Heteroskedasticity-Consistent Covariance Matrix Estimator a
Direct Test for Heteroskedasticity”. In: Econometrica 48.4, pp. 817-838.

Yang, Ye, Osman Dogan, and Siileyman Tagpmar (2021). “Fast estimation of matrix expo-
nential spatial models”. In: Journal of Spatial Econometrics 2.9, pp. 1-50.

— (2022). “Model selection and model averaging for matrix exponential spatial models”. In:
Econometric Reviews 41.8, pp. 827-858.

— (2024). “Estimation of Matrix Exponential Unbalanced Panel Data Models with Fixed
Effects: An Application to US Outward FDI Stock”. In: Journal of Business & Economic
Statistics 42.2, pp. 469-484.

Zenou, Yves and Eleonora Patacchini (2012). “Juvenile Delinquency and Conformism”. In:
The Journal of Law, FEconomics, and Organization 28.1, pp. 1-31.

48



	Introduction
	Model specification
	Transformation approach
	Estimation under homoskedasticity
	Estimation under heteroskedasticity

	Direct approach
	Estimation under homoskedasticity
	Estimation under heteroskedasticity

	Simulations
	Application to the Add Health data
	Conclusion

