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Abstract
Applied research often tolerates misspecification in order to reach informative conclusions. This paper studies theoretically and empirically misspecification associated with structured preferences using a revealed preference approach. We focus on how the the degree of misspecification varies with the level
of aggregation of the data. Using scanner data, we find that while all individuals are inconsistent with quasilinear utility, we cannot refute the hypothesis
that a representative agent is a quasilinear utility maximizer. This provides
empirical evidence that deviations from quasilinear utility may average away
and that quasilinear utility may not be so bad for aggregated scanner data.
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Introduction
But economics is not, in the end, much
interested in the behavior of single individuals.
Its concern is with the behavior of groups. A
study of individual demand is only a means to
the study of market demand.
— John Hicks [1946]

A recent literature studies whether general demand models with unrestricted heterogeneity can describe the behavior of a population of individuals. For example,
Kitamura and Stoye [forthcoming] are unable to refute utility maximization with
general preference heterogeneity using repeated cross-sections. However, there is a
tension between generality and certain pragmatic goals of applied research. Indeed,
many applied papers impose stronger restrictions on preferences to reach stronger
conclusions even though the preferences might be misspecified. A natural question
is whether more-structured preferences could describe data while allowing a limited
amount of misspecification.
To address this broad question, we focus on the restrictiveness of quasilinear utility
at different levels of aggregation using a revealed preference approach. To assess the
restrictiveness we construct a new measure of quasilinear misspecification, which can
be used in a statistical or deterministic framework. Because policy questions often
depend on a given level of aggregation, we pay particular attention to measuring
quasilinear rationality at different levels of aggregation. In the empirical application,
we examine the Stanford Basket Data and find a sharp contrast between individual
and aggregate consumption: while all individuals depart from quasilinear utility, aggregate consumption is consistent with quasilinear utility using either a deterministic
or statistical framework. This empirical finding supports the hypothesis of Becker
[1962] that inconsistencies with a model at the individual level may vanish with aggregation.
The primary reasons we focus on quasilinear utility are that it is widely used, has
tractable aggregation properties, and is in units of dollars. The fact that the units
are dollars allows us to measure misspecification in interpretable units such as dollars
lost. We measure misspecification by considering an individual (or the representative
2

agent) as an approximate maximizer of a quasilinear utility function. Specifically,
we calculate the smallest ε˚ such that for some quasilinear utility function, all of an
agent’s choices are within ε˚ dollars of the maximum utility possible. Thus, the units
of ε˚ may be interpreted as the maximal dollar loss due to approximate optimization
or limited discernment. This measure is quickly computable by linear programming
for a moderate-sized dataset.
Approximate quasilinearity has a natural interpretation directly in terms of observable
prices and quantities. When there is a single good, an exactly quasilinear model is
characterized by quantity decreasing with price. In an approximately quasilinear
model, we show that it is possible to observe a small increase in price and a large
increase in demand (Proposition 1). For larger increases in price, however, demand
can increase at most by a small amount. Thus, our utility-based approach provides
a notion of distance that qualitatively differs from notions based on e.g. Euclidean
distance.
The measure of misspecification we propose is theoretically linked for individual and
aggregate demands. In particular, if individual behavior is (approximately) quasilinear, then aggregate behavior will also be (approximately) quasilinear (Proposition 3).
More specifically, we show that the measure of quasilinear misspecification weakly
decreases when we aggregate individual demands, relative to the average of the individual measures of misspecification. This aggregation property for approximately
quasilinear models has no such analogue for general preferences. This is because for
demand models that allow general income effects and heterogeneity, aggregate demands do not have much structure even if all individuals act consistently with the
model.1
One convenient feature of the measure of misspecification is that for aggregated data,
it can be used whether one prefers a deterministic or statistical framework. We
provide a statistical test of whether a representative agent has a degree of misspecification no greater than a given value ε. The test involves linear moment inequality
restrictions involving the mean of quantities given prices. When prices take finitely
1

The Sonnenschein-Mantel-Debreu Theorem clarifies that average demands have only trivial
restrictions if general income effects and heterogeneity are allowed. (See Rizvi [2006] and references
therein.) This is not true when one studies the entire distribution of demand (cf. McFadden and
Richter [1990] and McFadden [2005]).
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many values, there are finitely many unconditional moment inequalities associated
with a conjectured value of quasilinear rationality. Testing such inequalities is wellunderstood (e.g. Chernozhukov et al. [2014], Romano et al. [2014]). We also provide
a two-sided confidence interval for the measure of misspecification ε˚ for the aggregated population-level data. In our empirical application, despite the presence of
many goods and a large number of moment inequalities, linear programming facilitates quick computation.2
This paper is interested in measuring the amount of misspecification of quasilinear
utility at different levels of aggregation. In contrast, an existing literature is interested
in testing whether models are exactly consistent with the data. A byproduct of our
statistical analysis is that we can test whether aggregate demands are exactly rationalized by quasilinear utility, which is a novel contribution in a statistical framework.
Even when we refute this hypothesis, we obtain an informative measure of the size
of deviations from quasilinear utility by providing a confidence set for ε˚ . Typically,
when one rejects a model using a specification test, it is not obvious how to interpret
how far away the particular specification is from the dataset.3 In contrast, our test
statistic measures dollar deviations from quasilinearity. Thus, our test statistic gives
an economic measure of misspecification in the spirit of Varian [1990].
While we believe this statistical analysis is of independent interest for other panel or
cross-sectional datasets, we did not need to invoke it in our empirical application. Our
empirical application uses Stanford Basket Data, which has been used by Echenique
et al. [2011]. We find that all households are inconsistent with quasilinear utility in
a deterministic framework. In contrast, we find that average demands are consistent
with quasilinear utility using either a statistical or deterministic framework. Thus,
while there is significant heterogeneity of approximation error at the individual level,
the pattern of heterogeneity does not lead to a rejection of quasilinear utility in the
aggregate.
Lastly, we study the relationship between individual-level measures of misspecifica2

The number of inequalities in the linear program is the square of the number of time periods.
Our empirical application has 375 goods and 26 time periods. In contrast, Kitamura and Stoye
[forthcoming] reach the computational boundary with around 5 goods and 8 time periods.
3
Our analysis is thus more nuanced than simply running a specification test. Our approach is
related to work on sensitivity analysis in econometric models, e.g. Conley et al. [2012], Kline and
Santos [2013], and Masten and Poirier [2018].
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tion and expenditure. To compare with literature in the general consumer problem
(e.g. Afriat [1973]), we consider a scaled measure of quasilinear misspecification that
divides by total household expenditure, which is in units of percentage of the budget.
Examining the cumulative distribution function according to Z-scores of our original
measure and the scaled measure, we find these distributions are almost identical. In
particular, we do not reject the null hypothesis of equality (p-value .40). This suggests
that an analyst may reach the same conclusion about the shape of the distribution
of misspecification regardless of whether the analyst divides by expenditure or not.
In contrast, when we compare the measures of misspecification with household expenditure we find the proposed misspecification measure is positively correlated with
expenditure while the scaled measure is negatively correlated. Thus, the choice to
scale by expenditure affects whether a researcher concludes individuals with higher
expenditure are “further” from quasilinearity.4
The remainder of the paper proceeds as follows. Section 2 provides definitions, characterizes the model of approximate quasilinearity, and provides intuition on which
behavior is allowed in approximately quasilinear models. This section also gives an
interpretation of approximation error as a measure of misspecification, describes computation of the measure, and shows that the approximation error of the representative
agent is less than the average error of individuals. Section 3 details a statistical test
for the representative agent and a method to construct confidence intervals. Section 4 provides an empirical assessment of quasilinear utility for individuals and the
representative agent. Section 5 provides a review of the related literature. Section 6
contains our final remarks.

2

Definitions and Model

We consider a notion of approximate rationality for the consumer problem when
an individual has quasilinear utility. Quasilinear utility specifies that an individual
values the consumption bundle px, yq P RK
` ˆ R using the function upxq ` y where

4

See Choi et al. [2014] for analysis of the relationship between rationality and expenditure in
the general consumer problem. They use a scaled measure of misspecification that is in units of
percentage expenditure.
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5
u : RK
` Ñ R is a non-satiated function and y is interpreted as the numeraire good.
A numeraire good is one which has a price of one. For the remainder of the paper,
we interpret the numeraire as wealth and say that utility is measured in dollars.

With quasilinear utility, maximization of the utility function is well-defined when an
K
individual faces prices p P RK
`` . A consumer facing prices p P R`` and with income
I P R`` solves
max

xPRK
` yPR

upxq ` y

ðñ

max

xPRK
`

upxq ` I ´ p ¨ x.

s.t. p ¨ x ` y ď I
We allow y to be negative, otherwise this equivalence may not hold for low levels of
t
K
income. We consider datasets of the form tpxt , pt quTt“1 where each xt P RK
` , p P R`` ,
and T is an integer greater than or equal to one. We treat consumption xt as an
abstract object for the theoretical analysis of this section, which can accommodate
several distinct settings. Each observation xt may be interpreted as the quantities
chosen at the specified prices pt for a single individual. Alternatively, xt may be
interpreted as the sum or average of individual demands. Finally, in a statistical
framework one may interpret xt as (population) mean demands at prices pt .
We differ from previous work by studying when demand data is approximately quasilinear. In particular, we say a model is approximately quasilinear if the observed
demand data is within ε dollars of a quasilinear utility maximizer. This relaxation
of quasilinear utility allows small income effects and other violations of quasilinear
utility as long as they are less than the prespecified amount ε. We provide a formal
definition of when data is ε-rationalized by a quasilinear utility model.
Definition 1. A dataset tpxt , pt quTt“1 is ε-rationalized by quasilinear utility for ε ě 0
if there exists a locally non-satiated utility function u : RK
` Ñ R such that for all
K
t P t1, . . . , T u and for all x P R` , the following inequality holds:
upxt q ´ pt ¨ xt ` ε ě upxq ´ pt ¨ x.
We also refer to the above by saying a dataset is ε-quasilinear rationalized. When ε
equals zero, it is convenient to say the dataset is quasilinear rationalized.
5

We use R` “ tx P R | x ě 0u and R`` “ tx P R | x ą 0u.
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Before characterizing ε-quasilinearity, it is useful to understand how this notion of
approximate rationality relates to standard results on quasilinear utility. Recall that
if an individual has quasilinear utility then they satisfy the law of demand for prices.
Similarly, if an individual is ε-rationalized by quasilinear utility, then they satisfy the
ε-law of demand.
Proposition 1 (Approximate Law of Demand). If the dataset tpxt , pt quTt“1 is εrationalized by quasilinear utility, then for any r, s P t1, . . . , T u it follows that
1 s
pp ´ pr q ¨ pxs ´ xr q ď ε.
2
This notion of approximate rationality formalizes “small” departures from quasilinear
utility. To see this concretely, consider univariate demand (K “ 1), where we use the
notation q to represent the quantity demanded of the good that is not the numeraire.
Consider demand restrictions about a point pq̃, p̃q in Figure 1. When ε equals zero,
this requires that demand be downward sloping through pq̃, p̃q. This is illustrated by
the dark area in Figure 1(1) However, when ε ą 0, one could observe consumption
of q that increases as its price increases. Thus, the law of demand must only hold
approximately.
p

p

1
∆p∆q
2

∆p∆q ď 0

p̃

ďε

p̃

q

q
q̃

q̃

(a) Law of Demand

(b) Approximate Law of Demand

Figure 1: Versions of the Law of Demand

Perhaps surprisingly, a small ε can allow a great deal of flexibility for small price
7

changes due to the hyperbolic nature of the approximate law of demand. Indeed, even
when ε is small, a small increase in price could allow a large increase in quantities.
This theoretically-motivated enlargement of the set in Figure 1(a) is thus distinct from
alternative topological enlargements. We now provide a complete characterization
when a dataset is ε-rationalized by quasilinear utility.
Theorem 1. For any dataset tpxt , pt quTt“1 and ε ě 0, the following are equivalent:
(i) tpxt , pt quTt“1 is ε-rationalized by quasilinear utility.
(ii) There exist numbers tut uTt“1 that satisfy the following inequalities for all r, s P
t1, . . . , T u:
us ď ur ` pr ¨ pxs ´ xr q ` ε.
(iii) For all finite sequences ttm uM
m“1 with tm P t1, . . . , T u and M ě 2, the inequality
M
1 ÿ tm
p ¨ pxtm ´ xtm`1 q ď ε
M m“1

holds, where pxtM `1 , ptM `1 q “ pxt1 , pt1 q.
(iv) tpxt , pt quTt“1 is ε-rationalized by a quasilinear utility function that is continuous,
monotonic increasing, and concave.
This is a generalization of Brown and Calsamiglia [2007]), who study the case ε “ 0
and impose concavity. Part (ii) resembles the Afriat inequalities, except it allows
model approximation error of ε. For computational purposes, part (ii) is the most
useful. The inequality of (iii) is a requirement that the average money extracted
from a “money pump” be less than ε.6 The equivalence between (i) and (iv) shows
that continuity, monotonicity, and concavity place no additional empirical restrictions
on data. We note that there is always some ε that will rationalize the model. In
particular, ε “ maxtPt1,...,T u tpt ¨ xt u suffices. However, there may be values ε ą 0
such that a dataset cannot be described by the model. One example is considered in
Example 1.
Example 1. Consider the dataset with pq 1 , p1 q “ p2, 1q and pq 2 , p2 q “ p6, 2q. We
6

A “money pump” assumes the existence of an arbitrager who will buy goods and re-sell them
to the consumer for a profit. Each difference pxtm ´ xtm`1 q in Theorem 1 represents one such trade.
More details on this and the relation to Echenique et al. [2011] are in Appendix B.
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wish to check ε “ 1 so that the average “money pump” must be less than one dollar.
We obtain
˘
1` 1 1
p pq ´ q 2 q ` p2 pq 2 ´ q 1 q “ 2 ą 1 “ ε.
2
Thus, this dataset cannot be ε-rationalized by quasilinear utility when ε “ 1.

2.1

Measure of Misspecification

The smallest ε that ε-quasilinear rationalizes the data is a natural measure of misspecification. In this paper, we denote ε˚ as the smallest ε described above, and call it the
measure of quasilinear misspecification. We interpret it as the least approximation error induced by a quasilinear model. However, there are many other ways to interpret
this measure. It could be interpreted as the least average money extracted through a
“money pump” (Echenique et al. [2011]). Alternatively, one can think of this measure
as an additively separable version of the Afriat Efficiency Index (AEI) (Afriat [1973])
for quasilinear utility. Lastly, one could interpret this measure as measuring the width
of thick indifference curves for an individual with approximately quasilinear utility
(cf. Dziewulski [2018]). We provide a formal relationship between our measure of
quasilinear misspecification and other measures in Appendix B. The following proposition gives a direct relation between the approximation error interpretation and the
“money pump” interpretation.
Proposition 2. Given a dataset tpxt , pt quTt“1 , there exists a smallest non-negative
value ε˚ such that the dataset is ε-quasilinear rationalized. Moreover, for all ε ě ε˚ ,
the dataset is ε-quasilinear rationalized. This value may be computed by either of the
following equivalent linear programs:
min

εPR`
u1 ,...,uT PR`

ε s.t.

min

εPR`

us ď ur ` pr ¨ pxs ´ xr q ` ε for all r, s P t1, . . . , T u,

ε

s.t.

M
1 ÿ tm
p ¨ pxtm ´ xtm`1 q ď ε,
M m“1

(1)

(2)

where the minimum of (2) is taken with respect to all finite sequences ttm uM
m“1 with
tM `1
tM `1
t1
t1
tm P t1, . . . , T u, M ě 2, and px
,p
q “ px , p q.
9

This proposition follows essentially from Theorem 1(ii)-(iii). Importantly, this proposition shows that the smallest ε that ε-quasilinear rationalizes the data can be found
using linear programming.7 We highlight that this measure differs from Echenique
et al. [2011] because it does not scale by expenditure of the cycle and does not restrict
attention to violations of the generalized axiom of revealed preference.8

2.2

Aggregation

It is well-known that quasilinear utility induces demand that can be aggregated
across individuals.9 We show a similar aggregation property holds when each individual dataset is εi -quasilinear rationalized and individuals face the same prices.
Suppose that there are i “ 1, . . . , n individuals, where each individual has a dataset
ř
tpxpi,tq , pt quTt“1 . Let xt “ n1 ni“1 xpi,tq denote the average demand at the price pt . We
now define the aggregate dataset as tpx̄t , pt quTt“1 . We make use of Theorem 1(ii) to
show how the measure of misspecification behaves under aggregation.
Proposition 3. (i) If each individual dataset tpxpi,tq , pt quTt“1 is εi -rationalized by
quasilinear utility, then the aggregate dataset tpx̄t , pt quTt“1 is ε-rationalized by
ř
quasilinear utility, where ε “ n1 ni“1 εi .
(ii) The measures of misspecification satisfy
n

1 ÿ i˚
ε ,
ε ď
n i“1
˚

(3)

where ε˚ is the measure of misspecification for the aggregate dataset and εi˚ is
the measure of misspecification for the dataset for individual i.
This result helps understand why aggregate datasets may rationalize data more often
than individual-level data as explored in a related setting by Becker [1962]. Propo7

One generalization of our setup is to allow a separate wedge for each time period, as in Varian
[1990]. If we consider a separate εtV for each time period t and consider the vector εV “ pε1V , . . . , εTV q,
řT
other criterion functions such as the mean t“1 εtV are also computable by linear programming. See
Theorem 2 in Appendix B.
8
See Appendix B for more details on the difference from Echenique et al. [2011].
9
See e.g. Varian [1992], Section 10.6 for a textbook reference.
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sition 3(ii) shows that the measure of misspecification weakly decreases with aggregation, but does not say how much. If all individual data sets are identical, then
(3) holds with equality. The magnitude of the gap in (3) depends on the particular
distribution of individual demands. We investigate this gap in our application.
Proposition 3(ii) provides an alternative way to show the classical result that quasilinear utility is preserved under aggregation. Indeed, if all individuals are exactly
quasilinear rationalizable (εi˚ “ 0), then ε˚ “ 0, i.e. the representative agent is
exactly quasilinear rationalizable. We note that for models that are not preserved
under aggregation, such as the general consumer problem, there exist no such convex
measures of misspecification.10
We give an example when average demand data is rationalized by quasilinear utility
even when there are individuals whose datasets cannot be exactly rationalized by
quasilinear utility.
Example 2. Consider univariate demand pK “ 1q with two individuals. Individual
one has a dataset with pxp1,1q , p1 q “ p2, 1q and pxp1,2q , p2 q “ p6, 2q and individual two
has a dataset with pxp2,1q , p1 q “ p6, 1q and pxp2,2q , p2 q “ p2, 2q. The aggregate dataset
is given by px̄1 , p1 q “ p4, 1q and px̄2 , p2 q “ p4, 2q. The first individual has minimal
ε1˚ “ 2. The second individual has minimal ε2˚ “ 0. However, the aggregated demand
is also rationalized by quasilinear utility since
1p4 ´ 4q ` 2p4 ´ 4q “ 0.

We provide a probabilistic counterpart of Proposition 3 to lay the foundation for
our statistical analysis in Section 3. To state the result, we now consider X pi,tq as a
random vector of quantities for K goods for individual i at observation t. We stack
`
˘1
quantities in the vector X i “ X pi,1q1 , . . . , X pi,T q1 . We let pt be a predetermined
(nonrandom) vector of prices for the K goods at observation t.
Proposition 4. Assume X i is identically distributed and ErX i s exists.
(i) tpErX i,t s, pt quTt“1 is ε-rationalized by quasilinear utility, where ε “ Erε˚ pX i qs.

10

To see this consider a collection of individual datasets that are rational at the individual level,
but not at the aggregate. Any measure of misspecification violates convexity if we require that the
measure maps to zero if and only if the data is consistent with the model.
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(ii) The mapping ε˚ :

śT
t“1

RK Ñ R` is convex. In particular,
ε˚ pErX i sq ď Erε˚ pX i qs.

Proposition 4(i) is a probabilistic counterpart to Proposition 3 over the minimal
ε˚ pX i q. A similar result holds for any random variable εi that satisfies εi ě ε˚ pX i q
almost surely. The inequality in Proposition 4(ii) follows from convexity and Jensen’s
inequality.

3

Inference and Testing

The analysis of Section 2.2 establishes that aggregation weakly decreases the measure
of quasilinear misspecification, but we are also interested in conducting inference on
this measure in a statistical framework. In this section, we describe how to test
whether the representative agent is an ε-quasilinear maximizer We also show how to
construct a confidence interval for the smallest ε˚ such that the representative agent
is an ε-quasilinear maximizer.
In our application we have panel data, so we provide a statistical test for such data.
It is straightforward to adapt these ideas to repeated cross-sections. Each observation
consists of the pair pX pi,tq , pt q, where i denotes the individual and t denotes the time
period. The vector pt is the price vector at time t, which is common across individuals,
and is treated as predetermined. The vector X pi,tq encodes the quantities of K goods
for individual i at time t, which is treated as a random variable.
Sampling uncertainty arises because we interpret the particular sample of individuals
as a random draw from a population. We allow arbitrary statistical dependence across
time for each person, but require independence between individuals. We formalize
this as follows.
`
˘1
Assumption 1. The quantity vector for individual i, X i “ X pi,1q1 , . . . , X pi,T q1 , is
independent and identically distributed across individuals.
Recall we treat prices as predetermined. To relate this to our previous setup, one may
interpret ErX pi,tq s as the demand vector for a representative agent at price vector pt .
12

The representative agent population-level dataset is then given by tpErX pi,tq s, pt quTt“1 .
Our null hypothesis is formulated by using condition (iii) in Theorem 1, applied
to this representive agent dataset. In particular, we formalize the statement that a
representative agent is ε-rationalized by a quasilinear utility function for a given ε ě 0
by the following null hypothesis:
H0 : For all finite sequences ttm uM
m“1 with tm P t1, . . . , T u and with M ě 2,
M
“
‰˘
1 ÿ tm ` “ pi,tm q ‰
p ¨ E X
´ E X pi,tm`1 q ď ε.
M m“1

Our preferred interpretation of this null hypothesis is that one directly hypothesizes
that the representative agent is ε-quasilinear rationalized. Alternatively, one can view
this as an implication of the assumption that all individuals act consistently with εquasilinearity. This null hypothesis arises as an implication due to Proposition 4.11
Making use of the fact that individuals each face the same prices, we may test the
null hypothesis by drawing on the literature on testing finitely many unconditional
moment inequalities. To test H0 , we follow the methodology of Chernozhukov et al.
[2014]. We note that our setup has more structure than general moment inequalities
problems. The reason is that the null hypothesis can be written as a set of linear
inequality restrictions on means of the quantities, ErX i s “ pErX pi,1q s1 , . . . , ErX pi,T q s1 q1 .
We use this fact for numerical purposes, but present the testing procedure without
exploiting this structure to better connect it to the existing literature.
To describe the test, we introduce some additional notation. First, let J denote the
number of distinct sequences ttm uM
m“1 in the sense of Theorem 1(iii). Thus, under H0
we have J moment inequalities, each of the form

„
M
˘
1 ÿ tm ` pi,tm q
pi,tm`1 q
p ¨ X
´X
ď ε,
E
M m“1
where pX i,tM `1 , ptM `1 q “ pX i,t1 , pt1 q. We index each such sequence by j P t1, . . . , Ju.

11

With panel data, one can directly calculate each individual measure of misspecification and
check whether ε˚ pX i q ď ε almost surely. We note that with repeated cross-sections, this is not
possible and an analyst may use the moment conditions in H0 for such a setting.
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Associated with each moment condition, we form a sample average across individuals,

n „
M
˘
1 ÿ 1 ÿ tm ` pi,tm q
pi,tm`1 q
µ̂j “
p ¨ X
´X
n i“1 M m“1
„
M
¯
1 ÿ tm ´ tm
tm`1
“
p ¨ X ´X
,
M m“1
t

1
n

(4)

řn

X i,t is the K-dimensional vector of average demands in period t.
`
˘1
Recall that X i “ X pi,1q1 , . . . , X pi,T q1 denotes the demands for individual i. Let
X “ pX 11 , . . . , X n1 q1 collect the quantities across all n individuals. The test statistic
is given by

where X “

i“1

„
SpXq :“ max µ̂j ´ ε “ max
jPt1,...,Ju

ttm uM
m“1

M
¯
1 ÿ tm ´ tm
tm`1
p ¨ X ´X
´ ε,
M m“1

where each j indexes a sequence. In order
the term in brackets, Propo!´ to compute
¯)T
t t
sition 2 may be applied to the dataset
X ,p
, except without imposing the
t“1
restriction ε ě 0 in the linear program. The statistic S may thus be computed as a
linear programming problem with T 2 inequality constraints. This is true despite the
ř
T!
) itself grows quickly with T .
fact that the number of cycles (J “ T`“2 pT ´`q!`
We reject the null hypothesis at nominal size α if
SpXq ą c1´α ,
where c1´α is the p1 ´ αq-quantile of S from a bootstrap distribution. The critical
value c1´α is constructed in the following manner.12 Let B be the number of bootstrap
draws. In the application, we use B “ 5,000.
i. Draw independent and identically distributed sample of size n uniformly from
`
˘1
the individual demands tX i uni“1 . Recall X i “ X pi,1q1 , . . . , X pi,T q1 denotes the
`
˘1
consumption vector across all time periods. Let X ˚i “ X ˚pi,1q1 , . . . , X ˚pi,T q1
denote quantities for individual ˚i in the bootstrap sample.13
12

Appendix A.1 provides intuition for the validity of this test.
Following convention, we use ˚ here but note that this usage is distinct from the measure of
rationality.
13
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ii. Compute the sample mean of the moment conditions from the bootstrap draw
via Equation 4, denoted µ̂˚ “ pµ̂˚1 , . . . , µ̂˚J q. Specifically, each µ̂˚j is given by
µ̂˚j


n „
M
˘
1 ÿ 1 ÿ tm ` ˚pi,tm q
˚pi,tm`1 q
p ¨ X
´X
.
“
n i“1 M m“1

iii. Repeat (i) and (ii) a total of B times.
iv. Define
c1´α

"
ˆ
˙
*
˚
˚
“ inf c | P
max pµ̂j ´ µ̂j q ě c ď α ,
jPt1,...,Ju

where P ˚ is the simulated distribution of B bootstrap draws, described by steps
(i)-(iii).
Recall that after rearranging,
M
¯ ´
¯¯ 
1 ÿ tm ´´ ˚tm
tm
˚tm`1
tm`1
p ¨ X
´ µ̂j “
´X
´ X
´X
,
M m“1

„

µ̂˚j

and so computation of maxjPt1,...,Ju pµ̂˚j ´ µ̂j q in step (iv) is again facilitated by Proposition
2. One ¯)
simply applies the linear program in Proposition 2 to the dataset
!´
˚t

t

T

X ´ X , pt
, except one drops the inequality restriction ε ě 0 in the linear
t“1
program. In addition, note that ε does not show up in the calculation of the critical
value. Thus, the critical value may be computed once, even if the analyst wishes to
test multiple values of ε or construct a confidence interval via test inversion.
Remark 1 (On Studentization). An alternative procedure would consider the studentized test statistic
µ̂j ´ ε
S̃pXq “ max
jPt1,...,Ju
σ̂j
?
(or a version multiplied by n), where
d
σ̂j “
and

n

1ÿ
pgj pX i q ´ µ̂j q2
n i“1

M
˘
1 ÿ tm ` pi,tm q
gj pX q “
p ¨ X
´ X pi,tm`1 q .
M m“1
i
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We do not studentize the test statistic for interpretation, computational reasons, and
?
to direct power against certain alternatives.14 Multiplying by n or dividing by σ̂j
means we can no longer interpret the statistic as measuring dollars lost. In light of
Proposition 2, the unstudentized statistic is easy to compute. In contrast, Proposition 2 cannot directly be used to simplify computation of a studentized statistic. To
understand the power differences between S and the studentized counterpart, note
that the variance of µ̂j will typically be smaller for sequences of longer length. This
is because µ̂j is formed as an average over M terms, where M is the sequence length.
Thus we anticipate that the unstudentized statistic S directs power toward violations
of the moment inequalities that occur for shorter sequences. This choice is consistent
with a common intuition in the revealed preference literature that for theories that
are characterized by acyclicity conditions, violations typically occur for sequences of
shorter length.15
Remark 2 (Inference on ε˚ ). The previous arguments describe how to test whether the
representative agent is ε-rationalizable by quasilinear utility and provides a one-sided
confidence set for ε˚ , defined as the maximum of zero and

„
M
˘
1 ÿ tm ` pi,tm q
pi,tm`1 q
p ¨ X
´X
,
max E
M m“1
ttm uT
t“1
where the maximum is taken over all distinct sequences. A two-sided confidence set
for ε˚ may be constructed as
„
CI1´α “


max µ̂j ´ c1´α{2 , max µ̂j ` c1´α{2 X r0, 8q,

jPt1,...,Ju

jPt1,...,Ju

where c1´α{2 is a bootstrap quantile computed as before, and where division by 2
arises because we now consider a two-sided confidence interval.16 Refinements of
this confidence interval (or our test previously presented) that incorporate a form
14

The unstudentized test statistic is not formally covered by Chernozhukov et al. [2014]. For a
general result on bootstrap validity that applies to S, see Proposition 4.2 in Chernozhukov et al.
[2017].
15
Echenique et al. [2011] consider violations of the generalized axiom of revealed preference, which
is an acyclicity condition involving sequences of arbitrary length. In their empirical implementation,
the money pump they compute involves only certain sequences of short length. In the discrete
choice literature, Shi et al. [2018] study an acyclicity condition closely related to that of Brown and
Calsamiglia [2007] and the present paper, but for empirical implementation Shi et al. [2018] focus
on sequences of length 2.
16
See Appendix A.1 for the motivation behind this confidence interval.
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of “moment selection” may be possible by appealing to the framework of Fang and
Santos [forthcoming]. Recall that by Proposition 4, the mapping ε˚ is convex in
quantities, which implies directional differentiability (see Rockafellar [2015], Section
23 for a textbook reference). Thus, ε˚ fulfills a key requirement of Fang and Santos
[forthcoming].

4

Empirical Application

In this section, we report the results of our empirical application. We use the Stanford
Basket Dataset, which is a household-level panel dataset on grocery store purchases.
This dataset consists of 494 households from June 1991 to June 1993. We use the
transformed dataset of Echenique et al. [2011], which restricts attention to food purchases and aggregates to the brand level for 4 week periods. After brand aggregation
there is a total of 375 unique goods. For full details on this dataset, we refer the
reader to Echenique et al. [2011].

4.1

Aggregate Data

We implement the statistical test of Section 3 for aggregate data. We find that the
average demands are consistent with maximization of quasilinear utility. In particular, if we specify ε “ 0 and consider the null hypothesis that the average demands
are consistent with quasilinear utility, then the test statistic SpXq does not exceed
zero. This means we do not need to compute critical values: we cannot reject the
representative agent formulation with either a deterministic or statistical model.
The two-sided confidence interval for ε˚ , calculated according to Remark 2 with
α “ .05, is given by r0, 2.69s. In contrast, all households are inconsistent with quasilinear utility in a deterministic framework. In addition, the upper bound on the
confidence interval, 2.69, is smaller than the smallest individual εi˚ , 5.73, which is
reported in Table 1. This is a demonstration that the inequality of the measure ε˚ on
aggregate data from Proposition 4(ii) can greatly reduce the magnitude of misspecification relative to the average of the individual measures. Again, we mention that
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the magnitude of this gap due to aggregation depends on the particular distribution
of individual choices.

4.2

Household Data

We now study two measures of deviations from quasilinear utility with household
data. The first is the smallest value εi˚ such that household i is εi˚ -quasilinear. The
calculation of each household’s εi˚ is described by Proposition 2.17 The units of εi˚
are dollars.18 The second measure we consider is the smallest εi˚ just described,
but divided by the total expenditure (in the dataset) of household i across all time
periods. The units of the latter measure are in terms of percentage of expenditure. We
consider this second measure since several measures designed for measuring violations
of the generalized axiom of revealed preference contain an inherent division by the
level of expenditure. One example is Afriat’s Efficiency Index (AEI) [Afriat, 1973].
Such measures are ratio-based, and are thus closer in spirit to scaled εi˚ .19
We focus on the individual measures of misspecification for three reasons. First, we
want to contrast the aggregate and individual-level measures. Second, we examine
individual measures to compare our results to those of Echenique et al. [2011]. We
find results that are qualitatively similar to the analysis using the money pump.
Lastly, we have intuition that how one introduces misspecification error may affect
auxillary questions that arise from this analysis. For example, Choi et al. [2014] use
the Afriat Efficiency Index to measure who is “more rational.” We show that while the
scaled and raw measures of misspecification, once standardized, have almost the same
distributions, one can reach different conclusions concerning who is “more rational.”
We find that the raw measure is positively correlated with expenditure, while the
scaled measure is negatively correlated with expenditure.
Table 1 reports summary statistics of εi˚ as well as its scaled counterpart. As men17

We include observations from all time periods even when individuals have zero consumption.
This allows us to abstract from potential endogeneity of when individuals purchase, and also allows
us to compare directly with aggregate results.
18
In our framework, the units are in terms of the price of the numeraire good. Prices were
computed by taking a weighted average of shelf prices for the period of expenditure. The prices are
in dollars per unit from Echenique et al. [2011] so we interpret this as dollars. We do not adjust for
inflation.
19
We provide additional discussion of ratio-based measures in Appendix B.

18

tioned previously, none of the households can be exactly described by a quasilinear
utility model. The average of εi˚ is $31.96. For comparison, the average total expenditure is $5,557.50. When scaled by total expenditure, the average scaled εi˚ is
.68%.20 The highest scaled εi˚ is 2.43%.
Table 1: Summary Statistics of εi˚ and Scaled εi˚
Measures
ε˚
Scaled ε˚
Mean
31.96
Median
28.59
Min
5.73
Max
156.42
No. Households 494

0.68%
0.60%
0.13%
2.43%
494

Figure 2 presents the distribution of the smallest εi˚ such that a household is εi˚ quasilinear rationalizable, as well as the distribution of its scaled counterpart. To
standardize the two distributions, which are in different units, we report the Z-scores.
Remarkably, the two distributions are almost identical. A Kolmogorov-Smirnov test
fails to reject the null of equality of distribution at conventional significance levels (pvalue .40). The shape of the distribution of misspecification thus does not depend on
whether the analyst considers misspecification in terms of dollars lost or percentage
of expenditure lost. We emphasize that quasilinear utility allows this comparison to
be made. In contrast, conventional measures in the standard consumer problem, such
as Afriat’s Efficiency Index [Afriat, 1973], are in units of percentage of expenditure
lost and do not permit an obvious interpretation in terms of (unscaled) dollars lost.
Finally, we note the shape of both distributions is broadly consistent with Echenique
et al. [2011], who quantify violations of the weak axiom of revealed preference.
We now analyze how the raw and scaled εi˚ of households vary with different levels
of expenditure. This facilitates further interpretation of εi˚ and sheds light on the
broad question of whether wealthier individuals are more consistent with economic
20

We include scaled εi˚ because several existing measures of misspecification scale by expenditure.
There are alternative ways to scale by expenditure. For example, one could scale εi˚ by dividing by a
household’s average monthly expenditure across the 26 time periods in the dataset. This alternative
scaling would result in a scaled εi˚ that is 26 times bigger than the summary statistics reported in
the second column in Table 1.
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Figure 2: Cumulative Distribution Functions of Household εi˚ .
theories. While expenditure in the Stanford Basket dataset is not income, wealth, or
total expenditure among all goods, we believe this analysis is still relevant for this
broad measurement question.
We compare εi˚ and scaled εi˚ with total expenditure in Figure 3 and Figure 4 to assess
how the two measures relate to total expenditure. We find a striking contrast between
the two. While εi˚ is broadly increasing with expenditure, scaled εi˚ is broadly
decreasing. Thus, one may reach different conclusions about the broad question of
whether wealthier individuals are more consistent with economic theories, depending
on whether one rescales by expenditure. This also contrasts with our finding in
Figure 2 that the shapes of the (standardized) distributions of εi˚ and scaled εi˚ are
almost identical.
In Figure 3, we plot εi˚ against total expenditure for household i. We find that εi˚
broadly increases with expenditure, suggesting that wealthier households may make
bigger mistakes or be less rational. There are several possible explanations for this
phenomenon. One possibility is that individuals with higher expenditure have higher
wages, and that the opportunity cost of their time is greater. Thus, optimization may
be relatively more costly, and so they are more prone to making mistakes or otherwise
acting in a manner inconsistent with quasilinear utility. An alternative possibility is
that individuals with higher expenditures simply make more purchases, so that they
have more draws of “taste shocks” or chances to make a mistake, and thus have a
20
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Figure 3: Household εi˚ vs. Expenditure.
greater possibility of having a higher εi˚ .
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Figure 4: Household Scaled εi˚ vs. Expenditure.
In Figure 4, we plot scaled εi˚ (which is divided by total expenditure) against total
expenditure. The plot is broadly decreasing, in contrast with our previous measure.
This produces a finding similar to Choi et al. [2014] who find in experimental data
that wealthier individuals have smaller violations of utility maximization according
to the Afriat Efficiency Index. This highlights that difference-based measures of
misspecification such as εi˚ may behave very differently from ratio-based measures
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such as scaled εi˚ .21

5

Related Literature

At a high level, this paper is related to a research agenda set out by Becker [1962],
who emphasizes assessing the useful implications of a theory, rather than all of the
implications. In particular, Becker [1962] focuses on aggregates rather than individual
behavior since aggregate behavior is often the object of interest (e.g. Hicks [1946]).
Apart from these broad conceptual points, the main conclusions of Becker [1962] are
different from ours. Becker [1962] shows that under certain assumptions on individual
heterogeneity, budget constraints may mechanically induce aggregates to satisfy a
version of the law of demand, even if individuals behave irrationally.22 Our model
of approximate quasilinearity does not have a budget constraint, so our aggregation
result (Proposition 3) does not appear to have any formal relation to the analysis of
Becker [1962].
Throughout the paper, we focus on quasilinearity due to its theoretical tractability
and use in applications. Aggregation in an exact quasilinear model is well-known and
a revealed preference characterization of quasilinear utility has been established by
Brown and Calsamiglia [2007]. We generalize these results by allowing model approximation error and dropping the assumption of concavity. There has been relatively
little empirical work assessing the ability of nonparametric quasilinear preferences to
describe data. One exception is Castillo and Freer [2016], who examine the extent to
which quasilinear preferences can describe individual-level data. They find evidence
against quasilinear preferences at the individual level.
To assess the amount of misspecification of quasilinearity, we introduce a new additive measure of misspecification. This is the first measure of misspecification devoted
to quasilinear utility, though several measures exist for the standard consumer problem (e.g. Afriat [1973], Varian [1990], Echenique et al. [2011], Dziewulski [2018]).23
21

Graphical inspection of εi˚ versus scaled εi˚ indicates there is no systematic relationship between the two measures. The corresponding figure is available upon request.
22
See also Grandmont [1992]
23
Other measures include Apesteguia and Ballester [2015], Echenique et al. [2018], and de Clippel
and Rozen [2018].

22

We provide a detailed relation to the literature on measuring misspecification in Appendix B. One key difference of is that quasilinear utility permits one to compare a
level-based measure (units of dollars lost) and a ratio-based measure (units of percentage of total expenditure) of misspecification. We exploit this in Section 4.2,
finding that these different scalings suggest very different answers to the question,
“Are wealthier individuals more rational,” (cf. Choi et al. [2014]).
While the focus of this paper is on assessing the ability of quasilinear utility to
describe data at different levels of aggregation, to our knowledge this paper is the
first to provide a nonparametric statistical specification test for a representative agent
with quasilinear utility with multiple goods.24 The approach of Aguiar and Kashaev
[2018] may be used with panel data to test certain models including quasilinear utility,
but they do not provide a test for a representative agent. To our knowledge, the
closest precedent for our statistical testing approach appears to be Melo et al. [2017].
They test a model of strategic behavior in a game-theoretic setting. The moment
inequalities they test are related to ours, though our test statistic is a supremumtype (without studentization) while theirs is an inverse-variance weighted quadratic
form.
Our statistical test of the hypothesis that a representative agent is an ε-quasilinear
maximizer involves linear inequality restrictions on means. There is a large literature
on testing unconditional moment inequalities, including Andrews and Soares [2010],
Chernozhukov et al. [2014], and Romano et al. [2014]. Relative to this literature,
which has focused on general models with no particular relationship between the moment conditions, our setup has more structure. This has computational implications
that we exploit, and also informs our deliberate choice not to studentize our test
statistic, as discussed in detail in Section 3. The linear inequality restrictions we test
have a similar structure to those in Kitamura and Stoye [forthcoming], Deb et al.
[2018], and Cattaneo et al. [2017],25 though our methods are distinct.
24

When there is a single good (plus an unobserved numeraire good), the literature on testing
regression monotonicity (e.g. Chetverikov [forthcoming]) can be applied to conduct a specification
test for a representative agent with quasilinear utility. This is because for univariate demands,
monotonicity in own-price is the only restriction of quasilinear utility.
25
Cattaneo et al. [2017] considers a studentized max statistic when testing whether a class of
stochastic choice models is consistent with data. The unstudentized version of their statistic may
have a natural interpretation of “economic” violations of their model, much like the statistic S we
use.
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The analysis of individual and aggregate data helps interpret Chetty [2012], who uses
a representative agent model to place bounds on certain elasticities of demand. Chetty
[2012] argues that “small” deviations from exact optimization can rationalize a variety
of elasticities. Our theoretical and empirical analysis suggest that whether deviations
are viewed as “small” depends on the level of aggregation. We note that we differ
from Chetty [2012] because our preferred measure of deviations from quasilinearity
does not divide by expenditure, whereas the measure of Chetty [2012] is a budgetweighted average measure and is designed for parametric utility functions while ours
is nonparametric.26
Our empirical analysis is most closely related to Cherchye et al. [2016], who provide a
revealed preference test of exact aggregation using the Gorman polar form [Gorman,
1953]. In contrast to the results here, Cherchye et al. [2016] find that individuallevel data from the Spanish Continuous Family Expenditure Survey (SCFES) can
be rationalized, but there is no common scale for the population of choices, which
is necessary to admit a representative agent. The SCFES aggregates data into a
small number of categories (15 goods) from disparate sources of total expenditure.
In contrast, the Stanford Basket data we use is aggregated at the level of brand (375
goods) for grocery store products. It is possible that the difference in types of goods
studied and the pre-processing of data into goods drives this difference, but more
research is required.
This paper is also related to theoretical work by Hildenbrand [1983] and Quah [1997],
who examine when the law of demand holds in aggregate datasets. These papers
examine conditions for when rational individual demands generate aggregate demand
that exactly [Hildenbrand, 1983] or approximately [Quah, 1997] satisfies the law of
demand. Thematically these papers differ from our research because they study
aggregation of rational individuals.

26

It is possible to adapt ε-rationalizability for quasilinear utility to parametric quasilinear utility.
For a conjectured parametric utility function, a natural adaptation of our setup would be to label
an individual ε-rationalizable if the utility obtained is always within ε of the indirect utility of the
conjectured parametric function.

24

6

Discussion

This paper examines the ability of structured utility maximization to describe data at
different levels of aggregation focusing on restrictions imposed by quasilinear utility.
To conduct this analysis, we provide a measure of misspecification for quasilinear
models and establish an aggregation result for this measure. We provide a statistical
test for the hypothesis that a representative agent is ε-rationalized by quasilinear
utility for panel data. We then analyze the aggregate implications of quasilinear
utility using panel data from the Stanford Basket Dataset.
We find that while all individuals are inconsistent with quasilinear utility, the representative agent is consistent using a deterministic (or statistical) framework. This
shows that while there is a large amount of heterogeneity of approximation error from
quasilinearity in individual data, it is not systematic enough that the model of aggregate quasilinear behavior is invalidated. This is consistent with a view in applied
work that while certain models may be misspecified at the individual level, they may
nonetheless provide useful information on market demand. The results here support
this hypothesis for quasilinear utility and provide a way to check this hypothesis for
other panel datasets. It is possible that the quality of the quasilinear model may
degrade as the length of a panel dataset increases, since time may allow income effects to manifest more strongly. We note that the number of goods we analyze in
the application is 375 and it appears this test can be applied to large datasets with
little difficulty.27 This paper raises natural follow-up questions concerning welfare
and prediction that we are investigating in ongoing work.

27

The most time-intensive component of our empirical application involved calculation of bootstrap quantiles. This took 316 seconds with 5,000 bootstrap draws with an Intel Core i7-7700
processor, without parallelizing.
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Appendix A

Proofs of Main Results

Proof of Proposition 1. Since the dataset is ε-rationalized by quasilinear utility, it
follows that there exists a function u : RK
` Ñ R such that
upxr q ´ pr ¨ xr ` ε ě upxs q ´ pr ¨ xs
upxs q ´ ps ¨ xs ` ε ě upxr q ´ ps ¨ xr .
Adding the inequalities gives
2ε ´ pr ¨ xr ´ ps ¨ xs ě ´pr ¨ xs ´ ps ¨ xr .
The result follows by rearrangement.
Proof of Theorem 1. The implications (i) ùñ (ii) ùñ (iii) and (iv) ùñ (i) are
straightforward. We now show that (iii) ùñ (iv).
Fix px0 , p0 q P tpxt , pt quTt“1 and let Σ define the set of finite sequences of t P t1, . . . , T u
with no cycles that begins at px0 , p0 q. Define
U pxq “ min
σPΣ

#
`

x´x

˘
σpM q

¨ pσpM q `

M
´1
ÿ

+

pxσpm`1q ´ xσpmq q ¨ pσpmq ` M ε ,

m“1

which is motivated by re-arranging (iii). By construction, U pxq is continuous, monotonic increasing, and concave. We now show that U pxq provides an ε-quasilinear
t
rationalization of the dataset. Consider x P RK
` such that x ‰ x and let σt P Σ be
a minimizing sequence, i.e. a sequence such that U pxt q “ pxt ´ xσt pMt q q ¨ pσt pMt q `
řMt ´1 σt pm`1q
´xσt pmq q¨pσt pmq `Mt ε where Mt is the length of sequence σt . It follows
m“1 px
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that
U pxq ´ pt ¨ x ď px ´ xt q ¨ pt ` pxt ´ xσt pMt q q ¨ pσt pMt q
M
´1
ÿ

`

pxσt pm`1q ´ xσt pmq q ¨ pσt pmq ` pMt ` 1qε ´ pt ¨ x

m“1
t

t

t

“ ´p ¨ x ` ε ` px ´ x

σt pMt q

q¨p

σt pMt q

M
´1
ÿ

pxσt pm`1q ´ xσt pmq q ¨ pσt pmq ` Mt ε

`
m“1

t

t

t

“ U px q ´ p ¨ x ` ε
where the first inequality follows since U pxq by construction is the smallest term for
all sequences, the second equality follows by rearrangement and canceling out the
money spent on x at prices from period t, and the final equality holds by invoking
the choice of σt . Thus, U pxq ε-quasilinear rationalizes the dataset.
Proof of Proposition 2. For the dataset tpxt , pt quTt“1 , we first show existence of a solution ε˚ to the linear programming problem while dropping the restriction ε ě 0,28
min

εPR
u1 ,...,uT PR`

ε s.t. us ď ur ` pr ¨ pxs ´ xr q ` ε for all r, s P t1, . . . , T u

where u “ pu1 , . . . , uT q P RT` and ε P R. Let α “ maxt“1,...,T tpt ¨ xt u and note that
u “ p0, . . . , 0q and ε “ α is feasible for the primal problem. Using standard duality
(see Boyd and Vandenberghe [2004] Chapter 5), we obtain the dual maximization
problem
max

2
pλs,r qs,r PRT
`
T
T
pλs qs“1 PR`

s.t.

T ÿ
T
ÿ

´

λs,r pr ¨ pxs ´ xr q

s“1 r“1
T
ÿ

λs,r ´

r“1
T ÿ
T
ÿ

T
ÿ

λr,s ´ λs “ 0

r“1

λs,r “ 1.

s“1 r“1

28

This establishes existence when this bound is imposed, as a special case. We cover the case
without bound to cover our test statistic S and bootstrap, which do not impose an inequality
restriction analogous to ε ě 0.
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Any set of λ terms that correspond to a cycle is feasible. For example, λ1,2 “ 1{2,
λ2,1 “ 1{2, λs,r “ 0 otherwise, and λs “ 0 for all s is feasible. Since the primal and
dual problems are both feasible, we can invoke the fundamental duality theorem of
linear programming to ensure existence of a minimizer (See Gale [1989] Theorem 3.1).
This shows the existence of a minimal ε regardless of a lower bound on ε.
That the two minimization problems in the main text have the same minimum follows
from Theorem 1 (parts (ii) and (iii)). This equivalence says if ε is in the feasible set
of one program, then it is in the feasible set of the other program. Lastly, for any
ε ą ε˚ , the dataset is ε-quasilinear rationalized. This follows since for all finite
sequences ttm uM
m“1 with tm P t1, . . . , T u and with M ě 2, the inequality
M
1 ÿ tm
p ¨ pxtm ´ xtm`1 q ď ε˚ ă ε
M m“1

holds, where pxtM `1 , ptM `1 q “ pxt1 , pt1 q. This is equivalent to an ε-quasilinear rationalization by Theorem 1 (parts (i) and (iii)).
Proof of Proposition 3. We first prove part (i) of the proposition. For every i “
1, . . . , n, suppose that tpxpi,tq , pt quTt“1 is εi -rationalizabled by quasilinear utility. Let
the aggregate dataset tpx̄t , pt quTt“1 be defined as in the main text. Since each individual
dataset is εi -quasilinear rationalized, using Theorem 1 (parts (i) and (ii)) we see that
for every i “ 1, . . . , n there exist numbers tupi,tq uTt“1 such that
upi,sq ď upi,rq ` pr ¨ pxpi,sq ´ xpi,rq q ` εi
for all s, r P t1, . . . , T u. Summing up the inequalities across individuals and dividing
by n, we obtain
n
n
1 ÿ pi,sq
1 ÿ pi,rq
u
ď
u
` pr ¨
n i“1
n i“1

for all r, s P t1, . . . , T u. Letting ūt “

1
n

˜

n
n
1 ÿ pi,sq 1 ÿ pi,rq
x
´
x
n i“1
n i“1

řn
i“1

upi,tq and ε̄ “

ūs ď ūt ` pr ¨ px̄s ´ x̄r q ` ε̄
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1
n

¸

řn
i“1

n

1ÿ i
`
ε
n i“1

εi , we see that

for all s, r P t1, . . . , T u. By Theorem 1 (parts (i) and (iii)), the aggregate dataset is
ε̄-quasilinear rationalized.
ř
Part (ii) of the proposition follows since by part (i), the aggregate dataset is n1 ni“1 εi˚ quasilinear rationalized. Proposition 2 shows that a minimal ε̄˚ exists and that it must
ř
be less than or equal to n1 ni“1 εi˚ .
Proof of Proposition 4. We first prove part (i).
rem 1(iii), we obtain

For each sequence as in Theo-

M
1 ÿ tm
p ¨ pX i,tm ´ X i,tm`1 q ď ε˚ pX i q.
M m“1

Since ErX i s exists and ε˚ pX i q is non-negative and satisfies
ε˚ pX i q ď max

tPt1,...,T u

(
pt ¨ X i,t ,

we obtain that Erε˚ pX i qs exists because integrability is preserved under (finite) maxima and affine transformations. Taking expectations, we obtain
M
1 ÿ tm
p ¨ pErX i,tm s ´ ErX i,tm`1 sq ď Erε˚ pX i qs.
M m“1

Since this is true for every cycle, by Theorem 1 the representative agent dataset
tpErX i,t s, pt quTt“1 is Erε˚ pX i qs-rationalized by quasilinear utility.
To prove part (ii), let x1 and x2 be arbitrary quantities datasets. We want to show
convexity, i.e. for any α P r0, 1s, ε˚ pαx1 ` p1 ´ αqx2 q ď αε˚ px1 q ` p1 ´ αqε˚ px2 q. Recall
that
M
1 ÿ tm
p ¨ pxi,tm ´ xi,tm`1 q ď ε˚ pxi q
M m“1
for each i P t1, 2u. Since this inequality is preserved under weighted averages we
obtain
M
˘
1 ÿ tm `
p ¨ pαx1,tm ` p1 ´ αqx2,tm q ´ pαx1,tm`1 ` p1 ´ αqx2,tm`1 ď αε˚ px1 q`p1´αqε˚ px2 q
M m“1
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Since this is true for arbitrary cycles, the aggregate dataset tpαx1,t `p1´αqx2,t , pt quTt“1
is pαε˚ px1 q ` p1 ´ αqε˚ px2 qq-rationalized by quasilinear utility. Thus, ε˚ pαx1 ` p1 ´
αqx2 q ď αε˚ px1 q ` p1 ´ αqε˚ px2 q. Since ε˚ is convex, the inequality in part (ii) follows
by Jensen’s inequality.

A.1

Motivation for Test and Confidence Interval

This section describes the motivation for our test and two-sided confidence interval.
We introduce some additional notation. Recall each j indexes a sequence. For each
such sequence define

„
M
˘
1 ÿ tm ` pi,tm q
pi,tm`1 q
p ¨ X
´X
.
µj “ E
M m“1
We assume c1´α approximates the p1 ´ αq-quantile of the distribution of
maxjPt1,...,Ju pµ̂j ´ µj q, i.e.
ˆ
P

˙
max pµ̂j ´ µj q ě c1´α

jPt1,...,Ju

« 1 ´ α.

Note that c1´α is constructed as a boostrap analogue of this probability. See Chernozhukov et al. [2017] for a theoretical study of this approximation.
The motivation for the test is standard in the moment inequalities literature, but we
include the intuition for completeness. Under H0 , the test statistic S satisfies
SpXq “ max µ̂j ´ ε
jPt1,...,Ju

“ max pµ̂j ´ µj ` pµj ´ εqq
jPt1,...,Ju

ď max pµ̂j ´ µj q .
jPt1,...,Ju

The final inequality uses the fact that H0 may be written µj ď ε for each µj . With
these inequalities, we obtain
ˆ
P pSpXq ą c1´α q ď P

˙
max pµ̂j ´ µj q ą c1´α

jPt1,...,Ju
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« 1 ´ α.

Thus, the test (approximately) controls size.
We now provide the motivation for the two-sided confidence interval
„
CI1´α “


max µ̂j ´ c1´α{2 , max µ̂j ` c1`α{2 X r0, 8q.

jPt1,...,Ju

jPt1,...,Ju

By Theorem 1, the measure of misspecification ε˚ for the representative agent dataset
is equal to the maximum of maxjPt1,...,Ju µj and zero. A confidence set for ε˚ can thus
be constructed by intersecting a confidence set for maxjPt1,...,Ju µj with the set of
non-negative real numbers.
We assume c1´α{2 satisfies the approximation
P p@j, |µ̂j ´ µj | ď c1´α{2 q « 1 ´ α,
i.e. this critical value is suitable for a two-sided confidence set for the entire vector
µ “ pµ1 , . . . , µJ q.
Let j ˚ be a value such that µj ˚ “ maxjPt1,...,Ju µj , i.e. j ˚ corresponds to a worst-case
cycle. We obtain
(
@j, µ̂j ´ µj ě ´c1´α{2 Ď tµj ˚ ď µ̂j ˚ ` c1´α{2 u
"
*
Ď
max µj ď max µ̂j ` c1´α{2 .
jPt1,...,Ju

jPt1,...,Ju

The first inclusion is obvious, since the inequality holding for each j implies it holds
for j ˚ . The second inclusion follows from the fact that µ̂j ˚ ď maxjPt1,...,Ju µ̂j . In
addition, we obtain
(
(
@j, µ̂j ´ µj ď c1´α{2 Ď @j, µ̂j ´ µj ˚ ď c1´α{2
"
*
“
max µj ě max µ̂j ´ c1´α{2 .
jPt1,...,Ju
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jPt1,...,Ju

Thus,
ˆ
P

˙
max µ̂j ´ c1´α{2 ď max µj ď max µ̂j ` c1´α{2

jPt1,...,Ju

jPt1,...,Ju

jPt1,...,Ju

ě P p@j, |µ̂j ´ µj | ď c1´α{2 q « 1 ´ α.

Appendix B

Relation to Other Measures

Here we discuss how the measure of model misspecification we study relates to some
existing measures. First, we examine the relation between the standard consumer
problem and the quasilinear consumer problem. The standard consumer problem
is characterized by the generalized axiom of revealed preference (GARP) which we
define later. We then focus the various ways to measure violations of GARP developed
in Afriat [1973], Varian [1990], Halevy et al. [2018], and Echenique et al. [2011]. We
focus on these measures since they are most closely related to the measure we propose
in the paper. Finally, we compare the existing measures to the measure studied in
the paper.

B.1

Standard Consumer Problem and Quasilinear Consumer
Problem

Analysis of the standard consumer problem without imposing quasilinearity often uses
the same dataset of choices tpxt , pt quTt“1 . In other words, the numeraire is not treated
separately. However, there are important distinctions between the standard consumer
problem and a quasilinear consumer problem. We present the formal statement of
the two models in Table 2.
Table 2: Versions of the Consumer Problem
Standard Consumer Problem

Quasilinear Consumer Problem

maxxPRK
U pxq
`
s.t. p ¨ x ď I

maxxPRK
U pxq ` y
` ,yPR
s.t. p ¨ x ` y ď I

An important difference between the models is that in practice, prices in the standard
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consumer problem are purely relative prices. This is because income is typically
constructed from expenditure pt ¨ xt , so any rescaling of pt will not affect analysis.
Due to this invariance, measures of the misspecification of GARP have centered on
those in units of percentage of expenditure. This makes it difficult to quantify the
severity of a GARP violation, however research by Echenique et al. [2011] gives one
way to measure the severity.
In contrast, prices in the quasilinear problem have a known scale because the price
of the numeraire good (y) has been set to 1. Moreover, since the numeraire good
is additively separable in utility, it is possible to have a difference-based measure of
misspecification such as ε˚ , in units of dollars lost (not percentage of expenditure lost).
If one is not careful with the labeling of units of prices and normalizations, it is easy to
make mistakes in practice. Whether one uses the (static) standard consumer problem
or the quasilinear consumer problem, one typically makes an implicit separability
assumption considering unobserved goods.

B.2

Measuring Violations of the Standard Consumer Problem

Here we review existing research that measures violations of the standard consumer
problem. First, the standard consumer problem is characterized by the general axiom
of revealed preference (GARP), which has motivated existing measures. To define
GARP, we first introduce the revealed preference relation in the standard consumer
problem. For the dataset tpxt , pt quTt“1 , we say that xr is revealed preferred to xs if
pr ¨ xs ď pr ¨ xr , so that xs is weakly less expensive than xr at prices pr . We denote
that xr is revealed preferred to xs using the notation xr R xs . Similarly, we say xr is
strictly revealed preferred to xs if pr ¨ xs ă pr ¨ xr , so that xs is strictly less expensive
than xr at prices pr . We denote that xr is strictly revealed preferred to xs using
the notation xr P xs . Using these definitions, GARP states that for every sequence
ttm uM
m“1 with tm P t1, . . . , T u, the following implication holds:
xt1 R xt2 . . . xtm R xtm`1 . . . xtM ´1 R xtM ùñ not xtM P xt1 .
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We also say that the ordered pair pR, P q is acyclic if GARP is satisfied. If GARP is
violated, then there is a way to construct a cycle of consumption bundles where each
should be revealed preferred to one another with at least one entry strict.
The measures of rationality for the standard consumer problem try to measure the
size of GARP violations. We first present Afriat’s Efficiency Index (AEI) [Afriat,
1973]. AEI measures the amount one needs to relax the revealed preference relation
R to remove violations of GARP. Let eA P r0, 1s and define the relaxed revealed
preference relation RpeA q as
xr R peA qxs

if and only if pr ¨ xs ď eA pr ¨ xr .

We also define a relaxed strict preference P peA q as
xr P peA qxs

if and only if pr ¨ xs ă eA pr ¨ xr .

One can then check whether pRpeA q, P peA qq is acyclic instead of checking acyclicity
of pR, P q. For an example, if eA “ 0, then the revealed preference relation is vacuous
and any dataset satisfies acyclicity. Similarly, if eA « 1 the violations of GARP can
be made arbitrarily small. AEI is defined as
`
˘
AEI txt , pt uTt“1 “ sup eA
eA Pr0,1q

s.t.

pRpeA q, P peA qq

is acyclic.

In other words, when AEI is one there is (almost) no misspecification error in the
standard consumer problem.29 Since the measure eA affects the only the budget,
a natural interpretation is relaxation of the revealed preference as a percentage of
expenditure. Dziewulski [2018] shows how AEI relates to a notion of just-noticabledifferences.30
A natural criticism of this measure is that eA must give a relaxation for all GARP
violations, even if only a single choice is inconsistent with GARP. Thus, the AEI is
`
˘
There are instances where GARP is violated even when AEI txt , pt uTt“1 “ 1.
30
A just-noticable-difference model considers utilities when the choice x an individual makes from
a budget B must satisfy upxq ` δpxq ě upyq for all x1 P B. The δ function here is naturally related
to the measure ε˚ studied in this paper.
29
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often smaller than the average relaxation of the revealed preference relation needed
to remove GARP cycles. To account for this, Varian [1990] considers an alternative
measure that allows a different relaxation of the revealed preference relation for each
choice. To formally define this measure, let eV “ pe1V , . . . , eTV q P r0, 1sT . Define the
relaxed revealed preference relation RpeV q as
xr R peV qxs

if and only if pr ¨ xs ď erV pr ¨ xr .

Similarly, define the relaxed strict preference P peV q as
if and only if pr ¨ xs ă erV pr ¨ xr .

xr P peV qxs

Varian [1990] suggests using the average quadratic distance (AQD) of the relaxations
as a measure of rationality. Formally,
`

AQD tx

t

, pt uTt“1

˘

“

inf

eV Pr0,1qT

s.t.

T
1 ÿ
p1 ´ etV q2
T t“1

pRpeV q, P peV qq

is acyclic.

The paper by Halevy et al. [2018] extends the ideas of Varian [1990] to show one
can use arbitrary aggregators, relates eV to money metric violations, and provides a
decomposition for model misspecification from functional form restrictions.
Of the previous two measures, AEI is the most commonly reported in experiments.31
However, it has been argued that AEI does not adequately capture the “strength”
of GARP violations. This critique led to renewed interest in measures of rationality
with one of the most well-known being the Money Pump Index (MPI) proposed in
Echenique et al. [2011]. For the dataset tpxt , pt quTt“1 , the MPI is defined for any
sequence ttm uM
m“1 with tm P t1, . . . , T u as
řM
`

tm

tm

MPI tpx , p

quM
m“1

˘

“

ptm ¨ pxtm ´ xtm`1 q
řM
tm ¨ xtm
m“1 p

m“1

where tM `1 “ t1 . This measure is in units of percentage expenditure, similar to AEI.
31

Choi et al. [2007] report AEI when evaluating decisions under risk and Andreoni and Miller
[2002] report AEI when evaluating preferences for altruism.
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Importantly, the MPI can be written for any cycle of observations not just those that
violate GARP. Thus, even when GARP is satisfied, it is still possible for the money
pump to be positive for some other sequence. Echenique et al. [2011] propose examining different statistics of the MPI conditioning on sequences that violate GARP.
When a sequence violates GARP, it guarantees that the MPI for that sequence is
positive. The idea behind the MPI is that if one has a preference cycle, an arbitrager
could buy goods at some price and sell them back to the agent to extract profit from
the individual. It is important to consider MPI for general cycles because a positive
MPI indicates that an arbitrager could extract money from the individual, regardless
of whether that cycle violates GARP. Therefore, the interpretation of statistics of
MPI while restricting to GARP violations considers the existence of an arbitrager
who is restricted to buying goods over GARP cycles.
We briefly note some other research on the MPI. The computational properties of
different summary statistics of the MPI were examined in Smeulders et al. [2013].
Dean and Martin [2016] empirically examine a minimal cost index which essentially
combines the measure of Echenique et al. [2011] with the idea of looking at minimal
consistent subset of data consistent with rationality from Houtman and Maks [1985].

B.3

Measuring Violations of Quasilinear Utility

We now shift focus to quasilinear utility. Quasilinear utility was first characterized
using a revealed preference approach in Brown and Calsamiglia [2007]. There are also
other characterizations of quasilinear utility that focus on the relation to translation
invariance [Chambers et al., 2016, Castillo and Freer, 2016]. We focus on the result
from Brown and Calsamiglia [2007], which says that a dataset tpxt , pt quTt“1 is rationalized by a quasilinear utility if and only if it satisfies cyclic monotonicity (CM).
Cyclic monotonicity requires for all finite sequences ttm uM
m“1 with tm P t1, . . . , T u and
with M ě 2, the inequality
M
ÿ

ptm ¨ pxtm ´ xtm`1 q ď 0

m“1

holds, where pxtM `1 , ptM `1 q “ pxt1 , pt1 q. Note that this term is the numerator of the
MPI for this sequence. In other words, cyclic monotonicity is equivalent to stating
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that the MPI negative for any cycles, not just those that violate GARP. This provides
a natural link between cyclic monotonicity and the MPI of Echenique et al. [2011],
which we will investigate further.
As shown in Heufer and Hjertstrand [2017] for homothetic preferences, the AEI used
to relax revelaed preferences can naturally be adapted when studying preferences with
additional structure. We describe how this may be done for quasilinear preferences.
Let eA´q P r0, 1s be a quasilinear Afriat efficiency measure and consider CMpeA-q q,
the relaxed version of quasilinearity that requires that for all finite sequences ttm uM
m“1
with tm P t1, . . . , T u and with M ě 2, the inequality
M
ÿ

ptm ¨ peA-q xtm ´ xtm`1 q ď 0

m“1

holds, where pxtM `1 , ptM `1 q “ pxt1 , pt1 q. This inequality is equivalent to
M
ÿ

eA-q

p

tm

¨x

tm

M
ÿ

ď

ptm ¨ xtm`1 .

m“1

m“1

The left hand side may be interpreted as the total adjusted expenditure for the cycle
of choices made. The right hand side may be interpreted as the total expenditure
for alternative choices when swapping xtm for xtm`1 . Thus, the inequality states
that the adjusted actual expenditure is smaller than the total expenditure with these
alternative choices.
One can further rearrange this condition to obtain for all finite sequences ttm uM
m“1
with tm P t1, . . . , T u and with M ě 2, the inequality
řM

ptm ¨ pxtm ´ xtm`1 q
ď p1 ´ eA-q q
řM
tm ¨ xtm
p
m“1

m“1

(5)

holds, where pxtM `1 , ptM `1 q “ pxt1 , pt1 q. Thus, we exactly recover the notion of the
MPI albeit on more familiar ground. This formally establishes that when the MPI is
not restricted to GARP cycles, it measures violations of quasilinear rationality along
the lines of AEI. Alternatively, when MPI is restricted to GARP-violating cycles, it
can be seen as a “quasilinear” way of measuring violations of GARP.
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Similar to finding the AEI from GARP, we look at for the maximal eA´q while imposing CMpeA-q q. We define the quasilinear efficiency index (QEI):
`
˘
QEI txt , pt uTt“1 “ max eA-q
eA-q Pr0,1s

s.t. CMpeA-q q holds.
A maximum exists by arguments similar to those in Proposition 2.
The above analysis can be adapted to allow a different approximation error for each
choice, along the lines of Varian’s AQD. To this end, let eV-q “ pe1V-q , . . . , eTV-q q P
r0, 1sT . Attempting to relate this to the money pump, we obtain the alternative
condition CMpeV-q q, which requires that for all finite sequences ttm uM
m“1 with tm P
t1, . . . , T u and with M ě 2, the inequality
M
ÿ

p

tm

¨ px

tm

´x

tm`1

M
ÿ

qď

m“1

m
ptm ¨ xtm p1 ´ etV-q
q

m“1

holds, where pxtM `1 , ptM `1 q “ pxt1 , pt1 q. In other words, this scales the violations at
observation t by the income spent on observed goods in that period. One could then
consider minimizing the violations allowed by eV-q using either the average quadratic
distance proposed by Varian [1990] or some other aggregator as in Halevy et al. [2018].
This clarifies the relation of the MPI to the efficiency measures of Afriat and Varian.
We now relate existing measures with the measure of misspecification for quasilinear
utility, ε˚ , defined in Proposition 2. The natural measure of comparison for ε˚ is the
˚
QEI. To that end, assume e˚A-q is the value that maximizes QEI and let ttm uM
m“1 be
a binding sequence for the maximized QEI. It follows that
˚ ˚

M ε ě

M
ÿ˚

ptm ¨ xtm p1 ´ e˚A-q q

m“1

for a sequence that binds.32 Similarly, let ttm̃ uM̃
m̃“1 be a sequence such that the
32

This inequality follows since if M ˚ ε˚ ă

řM ˚
m“1

ptm ¨ xtm p1 ´ e˚A-q q, one obtains the contradiction

that
˚
M
ÿ

m“1

ptm ¨ pxtm ´ xtm`1 q ď M ˚ ε˚ ă

˚
M
ÿ

ptm ¨ xtm p1 ´ e˚A-q q “

m“1

˚
M
ÿ

m“1
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ptm ¨ pxtm ´ xtm`1 q,

minimum approximation error ε˚ from Proposition 2 binds. By construction, ε˚
satisfies
M̃
ÿ
M̃ ε˚ ď
ptm̃ ¨ xtm̃ p1 ´ e˚A-q q
m̃“1

for a sequence that binds.33
Therefore, by rearrangement we have
řM ˚

řM̃

tm̃
¨ xtm̃ ´ ε˚ q
m̃“1 pp
řM̃
tm̃ ¨ xtm̃
m̃“1 p

ď

e˚A-q

ď

tm
¨ xtm ´ ε˚ q
m“1 pp
řM ˚ t
m ¨ xtm
m“1 p

for any pair of binding sequences. In other words, the quasilinear efficiency index
e˚A´q can be bounded by the fraction of expenditure remaining after extracting ε˚
each period. The fact that these numbers are not always equivalent can be seen
in example datasets. However, if pt ¨ xt “ 1 for each t, then ε˚ “ 1 ´ e˚A - q . A
potential wedge emerges because with quasilinear demand, the model is not invariant
to rescaling the price vector pt of the non-numeraire goods. This shows that if one
mistakenly normalizes income to one while checking for ε˚ , then the QEI and the
measure of misspecification for quasilinear utility are exactly related.

B.4

εV -quasilinear Rationalizability

As in Varian [1982], we could have proposed a measure εV “ pε1V , . . . , εTV q P RT`
that allows decision-specific misspecification from quasilinear utility. We define an
analogous notion of εV -quasilinear rational.
Definition 2. A dataset tpxt , pt quTt“1 is εV -rationalized by quasilinear utility for εV “
pε1V , . . . , εTV q P RT` if there exists a locally non-satiated utility function u : RK
` Ñ R

where the last equality follows from Equation 5 binding.
řM̃
33
This inequality follows since if M̃ ε˚ ą m̃“1 ptm̃ ¨ xtm̃ p1 ´ e˚A-q q, one obtains the contradiction
that
M̃
ÿ
m̃“1

ptm̃ ¨ pxtm̃ ´ xtm̃`1 q “ M̃ ε˚ ą

M̃
ÿ

ptm̃ ¨ xtm̃ p1 ´ e˚A-q q ě

m̃“1

M̃
ÿ
m̃“1

where the first equality follows from Equation 2 binding.
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ptm̃ ¨ pxtm̃ ´ xtm̃`1 q,

such that for all t P t1, . . . , T u and for all x P RK
` , the following inequality holds:
upxt q ´ pt ¨ xt ` εtV ě upxq ´ pt ¨ x.
We also refer to the above by saying a dataset is εV -quasilinear rationalized. When
εV equals zero, it is convenient to say the dataset is quasilinear rationalized.
In particular, the following theorem follows from the same arguments as Theorem 1.
Theorem 2. For any dataset tpxt , pt quTt“1 and εV P RT` , the following are equivalent:
(i) tpxt , pt quTt“1 is εV -rationalized by quasilinear utility.
(ii) There exist numbers tut uTt“1 that satisfy the following inequalities for all r, s P
t1, . . . , T u:
us ď ur ` pr ¨ pxs ´ xr q ` εrV .
(iii) For all finite sequences with ttm uM
m“1 , tm P t1, . . . , T u and M ě 2, the inequality
M
ÿ

ptm ¨ pxtm ´ xtm`1 q ď

m“1

M
ÿ

εtVm

m“1

holds, where pxtM `1 , ptM `1 q “ pxt1 , pt1 q.
(iv) tpxt , pt quTt“1 is εV -rationalized by a quasilinear utility function that is continuous,
monotonic increasing, and concave.
Using the results from the main text, it is possible to search over εV that minimize
deviations according to some criterion function with a constraint set of weak linear
inequalities. An aggregation property analogous to Proposition 3 holds for εtV in
each time period. Moreover, if one considers the smallest εV that minimizes the
ř
average approximation errors f pεV q “ T1 Tt“1 εtV , then the minimum for the aggregate
dataset is weakly less than the average of the individual minimums. Following the
ideas of Proposition 3, these properties are immediate from conditions (ii) and (iii)
of Theorem 2. Other aggregator functions of εV may be considered, in the spirit of
Varian [1990] and Halevy et al. [2018]. The way in which the smallest εV and a eV-q
are related will depend on the function used to aggregate errors.
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